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PREFACE 



Because polarized light is being used increasingly by physicists, 
chemists, biologists, metallurgists, mineralogists, mechanical engineers, 
and electronics engineers the need for a serious book on the produc 
tion and use of polarized light has become increasingly evident. Every 
year hundreds of additional articles dealing with polarized light appear 
in various scientific journals. New applications are constantly being 
reported. But there has been no book to delineate the central concepts, 
to indicate a comprehensive terminology, to compare the different 
types of polarizers, and to present the rules governing the combinations 
of polarizers and retardation plates. There has been no careful review 
of the hundreds of kinds of applications, and no substantial bibliog 
raphy. 

The most important event in the modern history of polarized light 
was the invention of the sheet-type polarizer, by Edwin Herbert Land 
in 1928. His invention of the microcrystalline species of sheet-type 
polarizer (J-sheet), and the later invention by Land and his associates 
of the molecular species (H-sheet, K-sheet, HR-sheet, and so forth), 
provided scientist and engineer with polarizers having almost every 
desirable feature. Nearly every branch of science has felt the impact 
of these inventions. Yet the technology of these modern polarizers has 
received scant mention in the scientific literature. 

Four powerful tools for predicting the effects of polarizers, retarda 
tion plates, and so on have recently come into prominence, but have 
not been discussed in available textbooks in a serious, systematic way. 
The new tools are the Stokes vector, the Poincare sphere, the Mueller 
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calculus, and the Jones calculus. They make it possible to calculate 
with ease the behavior of polarizer-retarder combinations that formerly 
seemed almost hopelessly complicated. Here we describe the tools in 
detail and illustrate their use. In addition, all the commonly required 
matrices of the Mueller and Jones calculi are listed, for ready reference. 

The author's early training in polarization phenomena was acquired 
in the research laboratory directed by Dr. E. H. Land. The writings 
by Dr. Land and his colleagues Dr. Cutler D. West and Dr. R. Clark 
Jones established the foundations on which this book is based. 

The author's debt to Dr. R. Clark Jones, the inventor of the Jones 
calculus, is immeasurable. The sections dealing with the Stokes vector, 
the Mueller calculus, and the Jones calculus could not have been 
written without long and painstaking coaching by him. The help 
received from E. S. Emerson and A. S. Makas in various practical 
aspects of polarizer technology has been of great value. Many other 
colleagues have helped, directly or indirectly, to make this mono 
graph possible. 

W. A. Shurcliff 
Cambridge, Massachusetts 
August 25, 1961 
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CONVENTIONAL DESCRIPTION 
OF POLARIZED LIGHT 



1.1. Introduction. In this book the term light stands for electromag 
netic radiation. Usually we have in mind the 400-700 m/x range (visual 
range), but often we include also the shorter- wavelength range 
(ultraviolet) and the longer-wavelength range (infrared). On some 
occasions we include also the x-ray and gamma-ray ranges and the 
radio range. The total range in which polarization plays a part covers 
more than sixty octaves. 

Polarized light is one of nature's ultimates. A slender, monochro 
matic, polarized ray cannot be subdivided into simpler components: 
no simpler components exist. The process of analysis can advance no 
further. 

There is much to be gained, however, by considering how a beam 
of polarized light behaves and how it may be depicted. When such a 
beam encounters a birefringent crystal, a dichroic film, or an oblique 
dielectric surface, a great variety of behaviors may result. The ques 
tion is: Can we find, for the polarized beam, a representation so 
pertinent and so versatile that, merely by examining the representa 
tion, we can predict the outcome of any given encounter? 

Fortunately, several highly successful representations have been 
invented. Some are pictorial, others mathematical. Some are well 
suited to solving simple problems, others are to be preferred when 
the problems are complicated. 

To ask whether a given representation is "true" is futile. It must 
suffice that the representation assists ready recollection of the be 
havior and permits easy solution of the various problems encountered. 
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The present chapter reviews the classical (pictorial and wave-train) 
methods of representing polarized light. Chapter 2 considers certain 
more modern and more powerful methods. 

Polarized light, besides being of interest per se, serves as a tool, or 
probe, for evaluating the properties of matter. The tool exhibits the 
ultimate in speed, and perhaps the ultimate in delicacy and conven 
ience. It has the merit of being completely convertible; that is, the 
polarization form can be altered at will, with no loss in power and no 
increase in entropy flux. In many respects, polarized light, being the 
simplest kind of light, is easier to deal with than ordinary light: the 
physical manipulations may be cleaner, and the mathematical pro 
cedures for predicting the experimental outcomes are simpler. Physi 
cists and chemists find that polarized light has uses far beyond those 
of unpolarized light. Biologists, astronomers, and engineers find that 
polarized light solves many problems that are otherwise insoluble. If 
light is man's most useful tool, polarized light is the quintessence of 
utility. 

In preparing this book the author faced a major problem as to 
conventions. The crux of the problem was the large number of branches 
of optics that must be brought into one consistent family. Tradi 
tionally, users of saccharimeters and other polarimeters employ a 
certain set of sign conventions, persons dealing with dichroism employ 
certain conventions, and similarly for persons dealing with crystal 
lography, wave theory, the Stokes vector, the Poincare sphere, the 
Mueller calculus, and the Jones calculus. Ordinarily, the incompatibil 
ity of the various sets of conventions as to signs, handedness, etc., is 
unnoticed and unimportant. In this book, however, one universally 
self-consistent set of conventions is mandatory. Accordingly, some 
conflict with various lesser sets is unavoidable. 

1.2. Classical Pictorial Specification of a Polarized Wave Train. The 
classical description of a polarized wave train is well known (see, for 
example, Ditchburn, D-10, and Jenkins and White, J-9), and needs 
only brief review here. 

From the standpoint of classical physics, light consists of electro 
magnetic waves whose vibrations are transverse to the propagation 
direction. Polarized light is light whose vibration pattern exhibits 
preference: preference as to transverse direction, or preference as to 
the handedness associated therewith. Different kinds of preference are 
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indicated in Fig. 1.1. Each drawing, called a snapshot pattern, de 
scribes the monochromatic wave train at a single instant in time ; the 
curve may be thought of as a smooth line joining the tips of a large 
number of vectors that indicate the directions and magnitudes of the 
electric field at various positions along the center line of the beam. The 
convention with respect to right and left circular polarization is easily 
remembered: right circular polarization is portrayed by means of a 
right-handed helix, such as the thread of a typical machine screw. 



(a) 



(b) 



(c) 







(d) 




FIG. 1.1. Snapshot patterns of a horizontally traveling beam of monochromatic 
light that is polarized (a) horizontally, (b) vertically, (c) right circularly, and (d) 
left circularly. 

(The reader will recall that a right-handed helix continues to appear 
right-handed no matter what the observer's viewpoint; consequently 
the present definition is free from ambiguity.) The pattern may be 
drawn with respect to a right-handed set of cartesian coordinates, Z 
being the direction of propagation, and X and Z being horizontal. 

Workers in different fields (such as crystallography, theoretical 
physics, saccharimetry, radio technology) may employ conflicting 
definitions. The definitions used in this book are believed to represent 
the best compromise. Care has been taken to word the definitions 
clearly and to use them consistently. 

One could, of course, deal with the magnetic, rather than the elec 
tric, vibration. When light is traveling in a vacuum or other isotropic 
medium, these two vibrations are orthogonal (perpendicular) and 
their magnitudes are always proportional to one another. To specify 
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one is tantamount to specifying both. The decision to concentrate on 
the electric vibration is conventional, and pays tribute to the dominant 
role of the electric vector in the more familiar absorption processes. 
The sectional pattern (Fig. 1.2) is perhaps the most familiar of all 
the characterizations. A horizontally polarized beam is portrayed as a 



(a) 



(e) 



(b) 



(f) 




-45 



(c) 




(9) 




45 




(d) 




FIG. 1.2. Sectional pattern of a beam polarized (a) horizontally, (b) vertically, 
(c} right circularly, (d) left circularly, (e) linearly at 20, (f) linearly at 45, 
(g) right elliptically at 45. 

short horizontal line; vertical polarization is indicated by a vertical 
line. Right-circular polarization is portrayed by a circle having a 
clockwise sense. The sectional pattern may be thought of as an end 
view of the snapshot pattern, as seen by an observer who is situated 
in the path of the beam (specifically, far out on the Z-axis) and is 
looking toward the light source, which is at the origin of coordinates. 
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The clockwise sense of the circle describing right-circular polarization 
is consistent with the definition involving a right-handed, helix: if a 
right-handed helix is moved bodily toward an observer (without rota 
tion) through a fixed, transverse, reference plane, the point of inter 
section of helix and plane executes a clockwise circle. 

The sectional patterns are easy to draw, even for light that is 
polarized elliptically. Also, they can embrace polychromatic light; 
however, we must then think of the scale of the pattern as changing 
more or less rapidly, depending on the frequency bandwidth of the 
beam; consequently the patterns (Fig. 1.3) cease to be of simple, 
closed type. 




(b) 



fc) 



FIG. 1.3. Appearance of sectional pattern of an elliptically polarized beam having 
small but appreciable bandwidth, assuming observation times of (a) about 1 cycle, 
(b) about 2 cycles, (c) many cycles. 

The general sectional pattern of a monochromatic beam an el 
lipse maybe described with the aid of the terms defined in Fig. 1.4. 
The angle a. (between the major semiaxis and the X-axis) is called 
the azimuth of the sectional pattern; 90 > a > -90. The ratio b/a 
of the semiaxes is called the ellipticity; the symbol /3 may be used to 
represent arc tan b/a\ 90 > j8 > -90. Ellipticity is used in prefer 
ence to the eccentricity, which is defined as (a 2 6 2 ) 1/2 /a. 

In some instances the ratio A y /A x is of interest; A y is the maximum 
value of the F-component of the electric vector, and A x is the maxi 
mum value of the X-component. The angle |arctan (A V /A X )\ will be 
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FIG. 1.4. Elliptically polarized light. In this example, a = 20, the ellipticity 
I/a = 0.4, and the handedness is clockwise, as judged by an observer situated far 
out on the Z-axis and looking backward toward the source, which is at the origin. 

called R. When a is in the neighborhood of 45, or when the ellipse 
is very slender, the angles \a\ and R are not very different, but under 
other circumstances they differ greatly. 

Polarization Types and Forms. Linear polarization, circular polar 
ization, and elliptical polarization may be referred to as the three 
polarization types. Obviously, the elliptical type includes the others as 
special cases; ellipticities of and 1 correspond to linear and circular 
polarization respectively. 

The linear type of polarization includes an infinite number of polar 
ization forms, differing as to azimuth a. Circular polarization includes 
two forms, differing as to handedness. Elliptical polarization includes 
an infinite number of forms, differing as to azimuth, ellipticity, and 
handedness. 

Orthogonal Forms. Two forms of linear polarization that differ by 
exactly 90 in azimuth are said to be orthogonal, assuming the direc 
tions of propagation to be the same (Fig. 1.5). Right- and left-circularly 
polarized beams are orthogonal. Two elliptically polarized beams are 
orthogonal if the azimuths of the major axes differ by 90, the handed- 
nesses are opposite, and the ellipticities are identical. 

Plane of Polarization. The expression plane of polarization, used by 
many authors, may be ambiguous. To some authors it means the 
plane containing the directions of propagation and of the electric 
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(a) 



(b) 



(c) 




FIG. 1.5. Orthogonal pairs of beams polarized (a) linearly, (b) circularly, (c*) 
elliptically. 

vibration, while to others it means the plane containing the directions 
of propagation and of the magnetic vibration. Another drawback to 
the expression is that an experimenter can easily produce a number of 
beams that have the same plane of polarization yet different directions 
of electric vibration (Fig. 1.6). Likewise he can produce beams having 
different planes of polarization and the same direction of vibration. 





M 



FIG. 1.6. Two beams having the same plane of polarization (plane M) yet different 
directions of electric vibration (indicated by hatch marks, all of which lie hi plane 
M). 
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In this book these difficulties are avoided by the expedient of using 
terms descriptive of the key quantity, namely, the direction of the 
electric vibration. We refer to linearly polarized light and to the 
direction oj vibration. We avoid expressions such as plane polarized 
light, and plane of polarization. 

1 .3. Mathematical Specification of a Polarized Wave Train. The math 
ematical specification of a wave train is explained in the standard 
textbooks on electromagnetic theory (D-10; A-l). Simple, monochro 
matic, linearly polarized trains of plane waves are propagated by 
means of transverse displacements varying sinusoidally with time and 
with position along the propagation direction. The magnitude of 
the electric displacement E may be described by an expression such as 

= sin (co/ - 27rZ/X), 

where Z is the position along the axis of propagation, X is the wave 
length, co is the angular frequency (27T times the ordinary frequency), 
and t is time. 

To facilitate computations of certain sorts, one may introduce com 
plex notation. To make the expressions more versatile, one may 
include a constant A } called the magnitude of the peak amplitude, 
and a quantity e, called the epoch. The expression may take any of 
the following forms : 



= Ae**, 

where = e + coZ 27rZ/X. The real part of represents the instan 
taneous magnitude of the electric vector E (at time / and position Z). 
The quantity Ae* is called the complex amplitude. The quantity 
< [== + coZ 27rZ/X], is the phase angle at time / and position Z. 
The intensity of the beam depends on A, and is, of course, proportional 
to A*. 

The term intensity is used in this book in a number of ways. Some 
times it means the total power of the beam. On other occasions it 
means power per unit solid angle, or power per unit solid angle and 
per unit cross-sectional area. The intended meaning is usually made 
clear by the context. Formal definitions of intensity are presented by 
Chandrasekhar (C-8). 



CONVENTIONAL DESCRIPTION OF POLARIZED LIGHT 9 

The direction of the electric vector does not appear in the equations, 
but may be specified separately verbally or pictorially; or it may be 
specified by including unit vectors i and j, parallel to the X- and 
F-axes respectively. 

A circularly polarized beam of monochromatic light may be repre 
sented by a combination of two expressions, each having a complex 
magnitude of the form Ae**. One expression describes the vertical 
component (F-component), and is written A y e^ v \ the other describes 
the horizontal component (X-component) and is written A x e i4>x . The 
amplitudes A y and A x are equal, and the phase angles fa and fa differ 
by 90. If the difference (fa - fa), called 7, is positive (90), the light 
is n'gfe-circularly polarized. If 7 = 90, the light is left-circularly 
polarized. 

In the general case, the F- and X-components differ in amplitude, 
and 7 may have any value; the general sectional pattern is, of course, 
an ellipse. If 180 > 7 > 0, the handedness is right; if -180 < 
7 < 0, the handedness is left. When 7 = 0, the pattern consists of 
a straight line (linear polarization), and when [7] = 90 the pattern 
is a circle. 

To predict the outcome of adding two monochromatic polarized 
beams, one adds their instantaneous electric vectors. In general, the 
two vectors have different directions in real, three-dimensional space, 
different frequencies, and unrelated phases; hence the result of the 
addition is a complicated and not very useful expression. In the simple 
case in w r hich both beams are linearly polarized and have the same 
frequency and same phase, the procedure is simply to add the two 
vectors representing the root-mean-square electric vibrations of the 
two beams (Ref. W-l, p. 27). 

If the two linearly polarized beams differ in phase (by some constant 
amount), the procedure is more complicated; if the phase difference 
is 180, and if the two beams have equal intensity, the combined beam 
will have zero intensity. When two coherent beams intersect at a slight 
angle, the phase relation varies, of course, from one point to another 
in the region of intersection (as explained in Refs. D-10 and B-43, 
coherent beams are beams whose phases have a fixed, or virtually 
fixed, relation to one another) ; consequently the combined beams will 
have high intensity at some points and low intensity at others, so 
that an interference pattern results. 
If the beams are completely incoherent, a short-cut procedure is 



10 POLARIZED LIGHT 

available: merely add the intensities of the beams. The sum of the 
intensities is the intensity of the combined beam. 

Later chapters make it clear that the combining of beams can usually 
be handled more simply by certain modern methods than by the 
classical equations presented above. The Stokes vector provides an 
ideal basis for treating the combining of incoherent beams; the Jones 
vector is eminently applicable to coherent beams. These vectors are 
discussed in Chapter 2. 

1.4. Unpolarized Light. Defined operationally, an unpolarized beam 
is a beam that, when operated on by any elementary kind of energy- 
conserving device that divides the beam into two completely polarized 
subbeams, yields subbeams that have equal power (in a time interval 
long enough to permit the powers to be measured). Thus if a beam is 
to qualify as unpolarized, it must exhibit no long-term preference as to 
lateral direction of vibration or as to handedness. 

Can a perfectly monochromatic beam qualify as unpolarized? Ob 
viously it cannot. Such a beam necessarily has a perfectly regular 
wave train, and consequently has a very definite and steady sectional 
pattern. Thus it exhibits polarization. Almost perfectly monochro 
matic radio waves are a common occurrence, and are found, of course, 
to exhibit a high degree of polarization. 

Visible light, however, always possesses an appreciable bandwidth. 
Accordingly, such a beam may include many different forms of polar 
ization simultaneously. If an experimenter is unable to detect any 
preponderant azimuth or handedness, he will perforce regard the 
beam as being unpolarized. (This subject has been explored by 
Langsdorf and DuBridge, L-14, and by Birge and DuBridge, B-29.) 
In this book the expression "monochromatic light" often appears; 
usually it means light that is roughly monochromatic and has sufficient 
bandwidth that unpolarized behavior is not precluded. 

At most moments, a beam of unpolarized light has, of course, a 
sectional pattern that is elliptical. Hurwitz (H-41) has computed the 
average value of ellipticity, which turns out to be tan 15 or 0.268. 

No satisfactory way of describing unpolarized light pictorially has 
been found. To portray unpolarized light as a many-pointed star or 
asterisk is conventional, but without scientific merit; the portrayal 
fails to suggest the most prominent features of unpolarized light: its 
constantly changing, predominantly elliptical, character. 
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1.5. Partially Polarized Light. Since most light, whether of natural 
or artificial origin, is neither completely polarized nor completely un 
polarized, the concept of degree of polarization is an important one. 
The quantity is defined in terms of the components into which the 
beam may be divided. 

There are two useful ways of mentally dividing a beam into compo 
nents. One method employs a "polarized-unpolarized" dichotomy, the 
other employs a "vibration-form 71 ' dichotomy. In employing the polar- 
ized-unpolarized dichotomy, one divides the given beam into a compo 
nent C a that is completely polarized and a component Cb that is 
unpolarized and has no long-term phase relation (no coherence) with 
C a - It is a well-established fact that the outcome of the division process 
is unique: there is only one possible pair C a and C&. Depending on 
whether C a is linearly, circularly, or elliptically polarized, the partially 
polarized beam in question is called partially linearly, partially circu 
larly, or partially elliptically polarized. 

In employing the vibration-form dichotomy, one divides the beam 
into that pair of completely and orthogonally polarized components 
that have the maximum difference in intensity. The more intense 
component may be called the dominant component C d and the less 
intense component may be called the inferior component d. It may be 
shown that the two components are mutually incoherent; no long- 
term correlation between their phases exists. 

The polarized-unpolarized dichotomy is useful in a variety of prob 
lems involving partial polarizers, retarders, and so forth. For example, 
if a partially polarized beam strikes a retarder, the unpolarized compo 
nent is entirely unaffected thereby and accordingly the investigator is 
left free to concentrate his attention on the polarized component. The 
dichotomy has one notable limitation: no known device can perform 
the indicated analysis. (However, the converse process is easily 
achieved: it is an easy matter to combine a polarized beam and an 
unpolarized beam locally, at least : one merely causes them to inter 
sect at a small angle. By using this process, one can demonstrate the 
validity of the rationale under discussion.) 

The vibration-form dichotomy is useful in problems involving those 
polarizers and polarizing beam splitters that employ birefringence. 
These devices are capable of accomplishing just such a dichotomy 
(within certain practical limitations). 

The degree of polarization V is now easily defined. If the intensities 
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of components C a , C&, C dj and d are called 7 a , 7 & , 7 d , and 7 t - respec 
tively, F is defined by either 

v Ia 

v ~~ r~ 



or 

V = ^ ~ I*. 
Id + Ii 

An author may wish to use a term that describes the incomplete 
ness, or shortage, of polarization. The term polarization defect, defined 
as 7/(7 d + 7,), or its equivalent (1 F)/2, may be used (S-ll). 

On some occasions, the concept of equivalent degree of linear polar 
ization is a useful one. A beam that is 100-percent elliptically polarized 
and has a very small ellipticity might be judged to be not completely, 
elliptically polarized, but incompletely, linearly polarized; the naively 
arrived at result (equivalent degree of linear polarization) provides a 
figure that is useful in certain applications. 

Spectrally variegated polarization is, of course, easy to achieve. 
Indeed, nearly any polychromatic beam emerging from a dichroic 
polarizer is likely to have a degree of polarization (and possibly even 
a polarization form) that varies with wavelength. 

1 .6". History of Understanding of Polarized Light. The history of man's 
understanding of polarized light has been touched on by Preston 
(P-30), Partington (P-10), and other authors. The early discoveries 
concerning double refraction are discussed in an anonymous work 
published in 1819 (A-10), and accounts of more recent developments 
are given by Archard (A-20), Johannsen (J-1S), Thompson (T-5), 
Tutton (T-12), Twyman (T-13), and Wahlstrom (W-l). The develop 
ment of the sheet-type polarizer has been described by Land and West 
(L-8) and by Land (L-13). 
The following tabulation lists some of the principal advances : 

1669 Erasmus Bartholinus, a Danish scientist, discovered double refrac 
tion (B-5). 

1690 Christian Huyghens, a Dutch scientist, discovered polarization of 
light; he demonstrated the polarization with the aid of two calcite 
crystals arranged in series (H-42). 

1757 Robert Hooke, an English physicist, tentatively suggested (perhaps 
before this year) that light vibrations are transverse (P-10). 

1808 Etienne-Louise Malus, a French scientist, discovered polarization by 
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reflection. He happened to be looking through a calcite crystal at the 
light reflected obliquely from a window of the Luxembourg Palace, 
in Paris, and observed that the two images produced by the calcite 
were extinguished alternately as he rotated the crystal (G-12; P-10; 
M-12). 

1811 D. F. J. Arago, a French scientist, discovered optical rotation (P-10). 

1812 Jean B. Biot, a French physicist, was the first to appreciate that 
refracto-uniaxial crystals could be classified according to whether 
the extraordinary index was greater or less than the ordinary index 
(J-18). 

1812 Arago invented the pile-of-plates polarizer (A- 18). 

1812 David Brewster, a Scottish physicist, discovered "Brewster's law" 
regarding polarization by reflection (Ref. B-48 makes it clear that 
the date of discovery was 1812, not 1811 as maintained by some 
authors) . 

1815 Biot discovered tourmaline's peculiar property, dichroism (B-25). 

1816 Augustin Fresnel, a French physicist, found that two rays that are 
polarized at right angles cannot interfere. But he was unable to 
explain the matter until enlightened by Young (F-15). 

1817 Thomas Young, an English physicist, was the first to prove that 
light vibrations are transverse, as had been suggested by Hooke in 
1757 or before (Y-2;P-10). 

1828 William Nicol, a Scottish physicist, invented the nicol prism (J-18; 
L-8). 

1844 Wilhelm Haidinger, an Austrian mineralogist, discovered the 
"Haidinger's brush' 7 phenomenon by means of which one may per 
ceive directly that a broad, uniform beam of linearly polarized light 
is indeed polarized (H-6) . 

1845 Michael Faraday, an English physicist, discovered the Faraday effect. 
1847 Haidinger discovered circular dichroism (P-10; H-7). 

1852 William B. Herapath, an English physician, discovered a synthetic 
crystalline material that polarizes light of all wavelengths in the 
visual range (H-23, H-24; L-13; G-12). 

1852 George G. Stokes, an English physicist, invented the four "Stokes 
parameters" for describing a beam of partially polarized light (S-29). 

1875 John Kerr, a Scottish physicist, discovered the Kerr effect (K-9). 

1887 Heinrich Hertz, a German physicist, produced Hertzian waves, 
giving much support to Maxwell's theory. 

1892 Henri Poincare, a French mathematician, invented the "Poincare- 
sphere" method of representing a beam of polarized light (P-20; R-l). 

1928 Edwin H. Land, then a 19-year-old student at Harvard College, in 
vented the first successful sheet- type dichroic polarizer (L-4, L-8). 

1933 Bernard F. Lyot, a young French scientist, invented the polarization- 
type, narrow-band filter that now bears his name (L-28). 

1938 Edwin H. Land invented H-sheet, a dichroic sheet- typo, polarizer 
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that relies on a polymeric molecular type of absorber rather than a 
crystalline absorber. 

1940 Robert Clark Jones, an American physicist, invented the Jones cal 
culus for computing the changes produced in beams of light by polar 
izers and retarders (J-19). 

1942 Francis Perrin, a French scientist, found how to put the four Stokes 
parameters and the sixteen Soleillet transformation constants into 
compatible form a form involving matrix algebra (P-12). 

1943 Hans Mueller, a professor of physics at Massachusetts Institute of 
Technology, invented in this year, or shortly before, a phenomeno- 
logical approach to problems involving polarized and partially po 
larized light; the approach made extensive use of 4 X 4 matrices 
(M-26, M-28). 

1943 Robert P. Blake, an American scientist, invented jthe HR-type 
polarizer, the first sheet-type polarizer suitable for use throughout 
an appreciable part of the infrared range (B-31; U.S. patent 
2,494,686). 



MODERN DESCRIPTION 
OF POLARIZED LIGHT 



2.1. Introduction. We now turn to the modern methods of describing 
polarized light: the Poincare sphere, the Stokes vector, the Jones 
vector, and the quantum-mechanical representation. We give particu 
lar attention to the Poincare sphere and the Stokes vector because 
they provide direct insight into certain difficult problems and permit 
great simplification in various calculations of what happens to a beam 
when it encounters a succession of polarizers and retarders. 

2.2. Poincare Sphere. The Poincare sphere, conceived by Henri 
Poincare in about 1892 (P-20), provides a convenient way of repre 
senting polarized light and predicting how any given retarder will 
change the polarization form. The method is essentially one of map 
ping: each point on the sphere represents a different polarization 
form. The mapping may be carried out with the aid of a three-di 
mensional model, a two-dimensional projection, trigonometry, or 
analytic geometry. (The method is applicable only if the incident 
beam is completely polarized.) 

In addition to its mapping function, the sphere leads to short-cut 
solutions of problems involving retarders, or combinations of retarders 
and ideal homogeneous polarizers. With the sphere in mind, one may 
often see at a glance the solution of a problem that would be difficult 
to solve by conventional methods. This is true, for example, of prob 
lems encountered by Pancharatnam (P-l, P-2) and Koester (K-12) in 
searching for a design of an achromatic, multilayer, retarder. 

Despite its great usefulness, the Poincare sphere has been given little 
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attention In the literature. The writer has been unable to find any sub 
stantial account of it in any textbook. However, brief descriptions have 
appeared in a number of technical journals; see Ramachandran and 
Ramaseshan (R-l, R-2), Jerrard (J-14), Koester (K-12), McMaster 
(M-2), Perrin (P-12), Skinner (S-17), Walker (W-3), and Wright 
(W-28). 

Figure 2.1 indicates the significance of the various parts of the 
sphere. The upper and lower poles represent left- and right-circularly 



v 




FIG. 2.1. The Poincare sphere, showing the general significance of the different 
areas and the specification of the general point P in terms of the angles 2X, meas 
ured clockwise from H, and 2o>, measured downward from the equator. 
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polarized light. Points on the equator indicate linear polarization. 
Other points indicate elliptical polarization. An arbitrarily chosen 
point H on the equator designates horizontal polarization, and the 
diametrically opposite point V designates vertical polarization. Beams 
whose polarization forms are orthogonal are represented by points at 
opposite ends of a diameter. Usually the radius of the sphere is assumed 
to be unity; sometimes it is regarded as proportional to the intensity 
of the beam. 

A general point P on the surface of the (unit-radius) Poincare 
sphere is specified in terms of the longitude (2X) and the latitude 
(2co), where -180 < 2X < 180 and -90 < 2co < 90. (Note that 
the symbols X and co have quite different meanings from those implied 
in the previous chapter.) The longitude is positive when measured 
clockwise from point H ; the latitude is positive when measured down 
ward from the equator, that is, toward the pole representing right 
circularly polarized light. Thus the coordinates of the point P in 
Fig. 2.1 are positive. 

The significance of the general point P is easily stated. It represents 
a completely polarized beam whose ellipse has azimuth X, eUipticity 
tan |co|, and a handedness that is left or right according to whether P 
lies in the upper or lower hemisphere. In summary, P represents an 
elliptically polarized beam whose sectional pattern is described thus: 

= X, 

b/a = tan |co|, 
handedness: left or right for 2w negative or positive respectively. 

Obviously, each point on the sphere represents a different polarization 
form. Conversely, each polarization form is represented by a different 
point on the sphere. 

Cartesian Coordinates. Alternatively, P may be specified by means 
of the right-handed cartesian coordinates X, Y, and Z indicated in 
Fig. 2.2. (These coordinates are not to be confused with those used 
for a different purpose in Chapter 1.) When the sphere has unit 
radius, the coordinates of P are : 

X = cos 2w cos 2X5 
Y = cos 2co sin 2X, 
Z = sin 2w. 

When the light is horizontally polarized, 2co = 2X = 0, and the 
full expressions reduce to X I, 7 = 0, Z = 0. When the light is 
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FIG. 2.2. Axes of the cartesian coordinate system used in specifying a point P on 
the unit-radius Poincare sphere. Note that the positive Z-axis extends downward. 



vertically polarized, 2co = 0, 2X = TT, and we find that X = 1, 
Y = 0, Z = 0. (We shall see in the next section that, in general, any 
completely polarized beam has X, Y, and Z values that are identical 
to the normalized Stokes parameters M, C, and 5 respectively. Thus 
the M, C, and 5 values shown in Table 2.1 are applicable here also.) 
From the equations presented above, one sees that if the X, Y, 
and Z values of a beam are given, the azimuth, ellipticity, and hand- 
edness may be computed from the formulas 



, 

OL X 



1 Y 

- arc tan > 



- = tan |o>| = tan | - arc sin Z|, 
d 2 



handedness: left or right for Z negative or positive respectively. 
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The main use of the Poincare sphere is in finding the effect of 
inserting a retarder in a polarized beam. The effect may be found 
merely by constructing an arc of a circle on the sphere. The method 
is described in detail in Chapter 7, and only a brief summary is needed 
here. The choice of point (on the sphere) to serve as center of the arc 
depends solely on the type of retarder (its fast eigenvector's azimuth, 
ellipticity, and handedness); the choice of arc length depends solely 
on the retardance. One end of the arc is defined by the point that 
describes the incident beam. The other end provides the answer: its 
location describes the emerging beam. Chapter 7, besides describing 
the procedure in detail, presents specific applications. 

In general, the Poincare-sphere representation is useful not merely 
in solving problems but also in formulating them it clarifies one's 
thinking and talking. It is a kind of blackboard on which to indicate 
the starting point, the procedure, and the outcome, all with maximum 
economy of effort. The principal step, obviously, is drawing an arc or, 
to use a more common expression, rotating the sphere. 

2.3. Stokes Vector. Though conceived in 1852 (S-29), the Stokes vec 
tor has received but scant attention in the literature of optics. Perhaps 
the best of the modern accounts is that by Walker (W-3). Other 
pertinent articles are those by Soleillet (S-24), Perrin (P-12), Billings 
and Land (B-22), Ramachandran and Ramaseshan (R-l), McMaster 
(M-2, M-4), Tinkham and Strandberg (T-7), Pancharatnam (P-4), 
Falkoff and McDonald (F-3). Various articles by R. Clark Jones, by 
H. Mueller, and by S. Chandrasekhar may be cited also; see bibliog 
raphy. Van de Hulst's 1957 book (V-l) applies the Stokes vector to 
the problem of light scattering; Cohen's 1958 article (C-18) applies it 
to radio astronomy. 

The Stokes vector consists of a set of four quantities (called the 
Stokes parameters) that describe the intensity and polarization of a 
beam of light. The beam may be polarized completely, partially, or 
not at all; it may be monochromatic or polychromatic. Thus the 
description, though very concise, is broadly applicable. 

The four parameters have the dimensions of intensity; each cor 
responds not to an instantaneous intensity but to a time-averaged 
intensity, the average being taken over a period long enough to permit 
practical measurement. The vector, though consisting of four physi 
cally real parameters, is, of course, a mathematical vector; it exists in 
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a four-dimensional mathematical space, not in a three-dimensional 
physical space. 

Following the practice adopted by Perrin and by Jones (P-12; J-19), 
we shall call the four quantities I, M, C, and S. (Stokes himself used 
A, B, C, D; Walker used 7, (X U, V). The four quantities comprise a 
column vector: 

' 7 

M 
C 

,s , 

The vector is often written horizontally, to save space; curly 
brackets are then used, as a reminder that the quantity is indeed a 
column vector : 



The importance of writing the quantities in an invariant order is made 
clear in Chapter 8, where the use of the vector in conjunction with 
4X4 Mueller matrices is discussed. 

The first parameter, /, is called the intensity. The parameters M, C, 
and S may be regarded as the "horizontal preference/' "plus 45 
preference/' and "right circular preference" respectively. When a 
parameter has a negative value, the preference is for the orthogonal 
polarization form; thus if the parameter 5 has the value 0.5 the 
polarization form is more akin to left-circular polarization than to 
right-circular polarization. 

Definitions. Although the parameters can be defined in terms of 
the electromagnetic theory, we prefer to define them operationally. 
This approach is perhaps more basic and reliable; also, it corresponds 
more closely to the historical development (S-29). 

The operational approach makes use of a set of four filters. Any of 
several different sets could be used, but to make our account specific 
we shall assume a set of four filters FI, F 2 , F^ F that have the fol 
lowing properties: each has a transmittance of 0.5 for incident, un- 
polarized light; each is oriented so that its faces are vertical and are 
perpendicular to the beam; FI has the same effect on any incident 
beam, irrespective of the beam's polarization; in short, it is isotropic; 
Fz is opaque to incident light that is polarized with its electric vibra 
tion direction at 90, that is, vertical; F$ is opaque to light polarized 
at 45; F 4 is opaque to left-circularly polarized light. 
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Obviously the filters represent nonpolarizing, linearly (horizontally) 
polarizing, linearly (plus 45) polarizing, and right-circularly polar 
izing filters respectively, as implied by Fig. 2.3. 

F < F a F 3 F 4 




RIGHT 
UNPOLARIZED 45 CIRCULAR 

FIG. 2.3. Polarization forms produced by the four filters used in determining the 
four Stokes parameters of a beam. 

In addition to the filters, a detector is employed. It is of polariza 
tion-independent type, and is calibrated in terms of intensity, or, more 
specifically, power. Its cross-sectional area must, of course, be at least 
as great as that of the beam in question. 

The procedure is to place the detector squarely in the beam, inter 
pose each of the four filters successively, note the four values indicated 
by the detector, and multiply each value by 1/0.5. From the resulting 
four values, which may be called FI, F 2 , F 3 , and F 4 (and are not to be 
confused with the symbol that stands for degree of polarization!), we 
calculate the four parameters, thus: 

/=F l5 
M = F 2 - Fi, 
C = F 8 - 7i, 

S = F 4 - Fx. 

The method of defining the parameters in terms of electromagnetic 
theory has been indicated by Walker (W-3). It is awkward in that 
one must assume that the light is sufficiently monochromatic that, at 
any time, a definable phase angle 7 exists between the instantaneous 
scalar components a x and a y of the electric field, yet the light must be 
sufficiently polychromatic that the unpolarized state is not precluded. 
(The angle 7 is defined so that, when TT > 7 > 0, the handedness of 
polarization is right; when TT < 7 < the handedness is left.) 
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The definitions are as follows (the angular brackets are employed 
to indicate that time averages are meant) : 



M = (aj - ^ 2 ), 
C = (2a x a v cos 7), 
= (2a x Oy sin 7). 

As before, the four quantities have the dimensions of intensity. As 
before, M, C, and S may be positive, negative, or zero. 

Normalized Parameters. Often we are interested only in relative 
values. We then divide all the parameters by the first one, to obtain 
the normalized parameters. Thus an original vector {4, 0, 2, 0} becomes 
the normalized vector {l, 0, 0.5, 0}. 

Typical Vectors. It is a simple exercise to compute, from the 
definitions based on electromagnetic theory, various vectors of princi 
pal interest. Consider, for example, unpolarized light. There is no 
time-averaged preference between a x and a y \ consequently (a x 2 + a y 2 ) 
reduces to (2a x 2 ) and (aj a y 2 } reduces to zero. The multiplicative 
factor cos 7 has a sign and magnitude that are independent of the sign 
and magnitude of the product a x a y \ thus (a x a v COSY) reduces to zero. 
The same applies to (a x a y sin 7). Consequently unpolarized light is 
described by an original vector {2a x *, 0, 0, 0} and by the normalized 
vector {1,0,0,0}. 

Similar reasoning shows that a horizontally polarized beam has the 
original vector {# x 2 , a x *, 0, 0} and the normalized vector {l, 1, 0, 0}. 

With little effort one may compute the Stokes vectors for many 
different forms of completely polarized light. Table 2.1 lists these 
vectors. 

None of the parameters can be larger than the first (I). Each 
of the others lies in the range from I to +/. If the beam is en 
tirely unpolarized, M = C = S = 0. If it is completely polarized, 
(M 2 + C 2 + S 2 ) 1 ' 2 = I. If the degree of polarization is F, it follows 
that (M 2 + C 2 + S 2 ) 1 ' 2 // = V. 

The parameter M is positive if the polarization form is more akin 
to a horizontal line than to a vertical line; it is negative if the prefer 
ence is for a vertical line; it has the value zero when there is no 
preference between these, as for example when the polarization form 
is circular, or corresponds to an ellipse whose major axis is at d=45. 
The parameter C is positive or negative depending on whether the 
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Table 2.1. Stokes vectors and Jones vectors 
of various forms of polarized light. 



Polarization form 



Normalized Stokes vector, Jones vector 

Sectional a 7 Standard 

pattern (deg) b/a A y /A x (deg) {/, M, C, S\ normalized Full 

" o o o - ,1, i, o, o) [ 5] [ ^] 
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General linear Any (1, cos 2, sin 2, Oj [" cos R~] |~ A x & 
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tive 180 
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ber 
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2 2 
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General elliptical 
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cos 2co cos 2\ 
cos 2co sin 2X 
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(2a x a y cos 7) 
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U, 0, ? 01 



(sin R)e l l 



None 



None 



None 



None 
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polarization form is more akin to the +45 direction than to the 45 
direction. The parameter S is positive for right-handed polarization 
forms, negative for left-handed forms, and zero for all linear forms. 

Unit-intensity beams that are orthogonally polarized have Stokes 
vectors that differ only in the signs of the second, third, and 
fourth parameters; for example, the beams {1,0.6,0,0.8} and 
{1, 0.6, 0, 0.8} are orthogonally polarized. 

Principle of Optical Equivalence. After defining his vector, Stokes 
announced his "principle of optical equivalence" (S-29). According to 
this principle, beams that have the same Stokes vector are indis 
tinguishable as regards intensity, degree of polarization, and polariza 
tion form. 

(The principle is sometimes worded so as to imply that two beams 
having the same Stokes vector are indistinguishable. Such a statement 
is inaccurate; indeed, it is inaccurate even in cases where the two 
beams have, in addition, the same spectral energy distribution and 
the same geometry. For the fact is that the two beams will differ, in 
general, as regards phase, or fluctuations in phase; and by using an 
interferometric method such as that of Langsdorf and DuB ridge (L-14) 
an investigator may be able to distinguish between the two beams.) 

Types of Applications. The simplest application of the Stokes vec 
tor is to the combining of beams. When a beam 1 is combined with a 
beam 2 and the two beams are incoherent the properties of the 
combined beam c are found by adding the two vectors : 



C c = Ci + C%, 

S c = Si + S%. 

Example: If the two initial beams have the vectors {3, 1, 1, 2} and 
{4, 0, 0, 4}, the combined vector is {7, 1, 1, 2}. 

Since the different areas of most light sources are incoherent with 
respect to one another, the Stokes vector is entirely applicable to the 
adding of beams originating at different areas of the source. (If the 
beams are coherent, or partially coherent, the procedure is not ap 
plicable, or is applicable only when certain precautions are taken. 
Pancharatnam, for example, has succeeded in using the Stokes vector 
in dealing with the interference of partially coherent beams; see 
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bibliography. An investigator who is concerned with coherent beams 
will usually prefer the Jones calculus.) 

Perhaps the most important application of the Stokes vector is in 
connection with the Mueller calculus (Chapter 8), which affords a 
superb mathematical framework for computing the change produced 
in the intensity and polarization of a beam when it encounters a 
train of polarizers, retarders, and scatterers. 

The Stokes vector of a completely polarized beam is closely related 
to the Poincare-sphere representation. Consider the four quantities: 

n/r 2 2 

C = Zdxdy COS 7, 

5 = 2d z d y sin 7. 

As we have seen, I 2 = M 2 + C 2 + S 2 . Consequently the first quantity 
may be regarded as the radius of a sphere and the other three may be 
regarded as the cartesian coordinates of a point on the sphere. The 
cartesian axis corresponding to the second quantity, (a* 2 a tf 2 ), that 
is, M, is to be associated with horizontal polarization, since, for a 
given/, the quantity (a^ a/) is maximized when a y = 0. Similarly 
the axes corresponding to the last two quantities are the Y- and Z-axes. 
In summary, the M, C, and 5 values of a completely polarized beam 
correspond to the X, Y, and Z values of the Poincare-sphere repre 
sentation of that beam. 

24. Jones Vector. The Jones vector, introduced in 1941 by R. Clark 
Jones (J-19), describes a polarized beam with the maximum algebraic 
brevity, and is eminently suited to the solving of problems involving 
beams whose phase relations are important. The present section de 
fines the Jones vector, lists its commonest forms, and relates it to the 
more familiar ways of describing polarized light. Also, it shows how 
the vector is used in problems involving the combining of polarized 
beams of any polarization form and any phase relationship. (The use 
of the vector in problems involving polarizers and retarders is treated 
in Chapter 8.) 

The Jones vector is a two-element column vector which describes a 
beam's polarization form and amplitude components at some given 
position along the beam. If the beam is traveling along the Z-axis, the 
vector has the general form: 
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r"i r&i 

U or UJ 



or 



where E^ and Ej, are the scalar components (of the instantaneous 
electric vector) along the X- and F-axes; A x is the maximum value of 
E x , and A y is the maximum value of E y . The quantity e x is the phase 
of the component E x at time / = and at the given location; e y is the 
phase of the component E y . (As in Chapter 1, the letter R may be 
used to represent arc tan A V /A X .) In general, each element of the col 
umn vector is a complex quantity. 

We may convert the vector to the following equivalent form: 



Since the magnitude of any quantity of the form e iM is unity, the 
magnitude of e i2vvt is unity. Thus this latter quantity may be dropped 
entirely in those problems in which details of variation with time are 
not of interest. Most problems are of this type, and accordingly the 
Jones vector is often written in the following form, called the full 
Jones vector: 



Obviously, if it turns out that the time variation is of interest, the 
factor e i2iryt can be restored at any desired stage of the calculation. 

In certain cases the full vector can be simplified further. Consider 
horizontally polarized light: here A y = 0, so the vector reduces to 



For light that is linearly polarized at 45, the two quantities A x and A y 
are equal, the quantities e x and e y are equal, and the vector reduces to 



For right-circularly polarized light, A x = A v and 7 = e v e x = |r. 
Thus the vector is 
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Table 2.1 lists the full Jones vectors for various forms of polariza 
tion. 

Intensity of the Beam. The intensity of the beam is proportional 
to the sum of the squares of the magnitudes of the individual elements. 
If the units of intensity or amplitude are chosen so that the proportion 
ality constant is unity, the relation becomes 



Standard Normalized Jones Vector. Any full vector may be con 
verted to standard normalized form by multiplying it by whatever 
scalar (ordinarily a complex scalar) reduces the intensity to unity and 
also reduces the vector to simplest form. The process is called normal 
izing. Examples of nonnormalized and normalized vectors are as fol 
lows: 



Nonnormalized Form Standard Normalized Form 

Gl 



[f] 

[0 



Table 2.1 lists the standard normalized vectors for various forms of 
polarized light. 

If a normalized Jones vector is denoted by m L the vector of an 

L^J 

orthogonally polarized beam is \ \ where the asterisk denotes the 

L m J 

complex conjugate. Thus, for example, the following two forms are 
orthogonal : 



Interpretation of the Vector. The polarization form implied by a 
given Jones vector may be expressed in conventional terms with the 
aid of the following "tabulation of inferences": 



28 POLARIZED LIGHT 

Inference as to 
Status of E x and E y Polarization Form 

E x 9 0, E y = Linear; a = 

E x = 0, E y ^ Linear; a = 90 

x ^ o, E y ^ 0, , = E y Linear; a = 45 

E x ^ 0, 7* 0, E* = -JSy Linear; a = -45 
Ey/E x = i Right circular 

Ey/Ex = i Left circular 

General case Elliptical; see below 

When a vector not falling in one of the simple cases is encountered, a 
three-step procedure is followed. Step 1 consists in converting the 
vector to the form of the full Jones vector : 



Thus if an investigator encounters the vector 

"0.3* 



he alters the first element by replacing i by its equivalent 6 lV/2 , and 
obtains : 



Step 2 consists in computing the angles R and 7, defined in the previous 
chapter as [arc tan (A y /A^\ and (e y e x ). In the present example, 

R = arc tan (0.5/0.3) | = 59.0, 

T = (-0.2 - -ITT) = -1.77 rad or -101. 

Step 3 consists in employing the following rules : 

If sin 7 > 0, the ellipse is right-handed; if sin 7 < 0, the ellipse is 
left-handed; 

The azimuth a of the major axis is given by 

a = J arc tan [(tan 2R) (cos 7)] ; 
The ellipticity b/a is given by 

b/a = tan /3, 
where j8 = | arc sin (sin 2R |sin 7|). 

Applying these rules to the present example, one finds that: 
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sin 7 < 0, and consequently the ellipse is left-handed; 
a = I arc tan [tan 118 cos (-101)] 

= | arc tan 0.37 = 10, 
ft = J arc sin [sin 118|sin (-101)|] 

= | arc sin 0.86 = 30, 
b/a = tan 30 = 0,58. 

An investigator who is familiar with the Jones vector can easily 
compute the result of combining two coherent beams of completely 
polarized light. He writes down the two full vectors appropriate to the 
given polarization forms, given intensities, and given phases. He then 
adds the vectors. 

Consider, for example, the result of adding two linearly polarized 
beams, one of which is polarized horizontally and the other vertically. 
Let each beam have an intensity of 3 units, and let the vertically 
polarized beam be 90 ahead in phase. The two full vectors are: 



The sum is 



[V3e"'l , f 1 

and _ 

L J [y 3 ^*+ 9 >J 

J.VW**"^ J = V3^+ 90 ^ i | 



Referring to Table 2.1 one sees that this last expression represents a 
beam that is right-circularly polarized and has an intensity of 2( V 3) 2 
or 6. 

The most important applications of the Jones vector are in con 
nection with the Jones calculus (Chapter 8), which is the most suc 
cinct of the algebraic methods of computing the outcome of passing 
a completely polarized beam through a series of ideal retarders 
and polarizers. Other applications are discussed by Ramachandran 
and Ramaseshan (R-2). 

2.5. Quantum-mechanical Description. The great majority of prob 
lems involving polarizers and polarized light are solved without 
reference to quantum mechanics. However, the relation between the 
quantum-mechanical specification of light and the more conventional 
specifications (presented in the foregoing sections) is of interest. The 
relation has been discussed by Jauch and Rohrlich (J-6), Fano (F-5, 
F-6), and McMaster (M-5). 
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According to the quantum-mechanical viewpoint, a given beam of 
completely polarized, monochromatic light consists of photons that 
are identical. Each is in the identical state (a pure state), and has the 
same wave function. This is true not only of a linearly polarized beam, 
but also of a circularly or elliptically polarized beam; the wave func 
tion that applies is different, of course, for each polarization type. In 
general, no one polarization type is more basic, or simpler, than any 
other; however, if one is dealing mainly with spin operators, right- and 
left-circularly polarized photons are specified with maximum sim 
plicity. 

Even an unpolarized (monochromatic) beam consists, according to 
the quantum-mechanical viewpoint, of identical photons, and each of 
these has the same wave function. However, the wave function repre 
sents a mixed state, that is, an incoherent combination, described by 
an expression of the form 



whereas the specification of the general, pure state (representing the 
general case of elliptical polarization and constituting a coherent 
combination) has the form 

\a\l/i + J^ 2 |- 

The statement that all the photons of the unpolarized beam are 
identical may at first seem surprising, but is in accord with the im 
portant experimental fact that, a priori, our expectation concerning 
the behavior of any one photon (from the given unpolarized beam) is 
the same as the expectation concerning any other photon of this 
beam. It is in accord, in short, with the fact that an unpolarized beam 
contains no information as to its history, that is, as to whether it was 
created by the incoherent combination of two orthogonally linearly 
polarized forms, two orthogonal circular forms, two orthogonal el 
liptical forms, or in some more complicated way. 

The Stokes vector, also, takes no account of the history of the given 
beam but depends solely on expectation probabilities. Accordingly, its 
relation to the quantum-mechanical description of light is a close one. 
Indeed, the Stokes vector serves as a kind of bridge between the clas 
sical theory of light and the quantum mechanical theory; see, for 
example, McMaster's monographs M-2 and M-5. 

2.6. Thermodynamics and Entropy. A completely polarized, nearly 
monochromatic ray of given intensity can be assigned a temperature 



MODERN DESCRIPTION OF POLARIZED LIGHT 31 

and also a value of entropy flux, as explained by Planck (P-17, P-18). 
If the beam is only partially polarized, two temperatures are involved, 
that is, a different temperature must be assigned to the dominant 
component and the inferior component, defined in Sec. 1.5. Likewise 
two values of entropy flux are involved. If the beam is entirely un 
polarized, the two temperatures are identical, and the two values of 
entropy flux are identical. (If it is completely polarized, we may still 
say that two temperatures exist, and that one of the temperatures is 
zero; likewise we may say that two entropy fluxes exist, and that one 
of these is zero.) 

A 1-watt beam of 500-mju light that is completely polarized has a 
temperature that is higher than that of either component of a 1-watt, 
500-m/i beam that is unpolarized (and has the same width and angular 
spread) ; the entropy flux of the polarized beam is less than the sum 
of the entropy fluxes of the two components of the unpolarized beam. 
Of course, the temperature and the entropy flux of a completely 
polarized beam are independent of the polarization form concerned. 

For additional information, see Born (B-41), Jones (J-30), Ore 
(0-3), and Rosen (R-12). 

The relation of polarized light and general relativity has been 
discussed by Mariot (M-14). 



POLARIZERS: CLASSES 

AND PERFORMANCE PARAMETERS 



8.1. Introduction. There are several methods of producing polarized 
light directly, that is, without recourse to a polarizer. They involve 
the Stark effect, the Zeeman effect, grazing emergence, biemissivity, 
bifiuorescence, the Cherenkov effect, and various other effects. Ap 
pendix 1 describes the methods in some detail. Few, if any, of the meth 
ods are of practical importance in the production of polarized light. 

The usual, practical method of producing polarized light is to use a 
conventional lamp of some sort to produce light (unpolarized light) 
and a polarizer to polarize it by transmitting one component and 
eliminating the orthogonal component. 

This chapter classifies polarizers and defines their performance 
parameters. The definitions must be formulated so as to take account 
of the two different roles that a polarizer may play: the production of 
polarization (polarizing role) and the detection of polarization (ana 
lyzing role) . 

8 J. Definition of a Polarizer. A polarizer is a purely optical device 
that, when supplied only with unpolarized light, can produce a beam 
that is appreciably polarized. Depending on whether the polarization 
type is linear, circular, or elliptical, the polarizer is called a linear, 
circular, or elliptical polarizer. 

Some polarizers consist of a single uniform layer, and are called 
homogeneous. Others employ several different layers and are called 
inhomogeneous, or multilayer. An inhomogeneous polarizer may ap- 
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pear to belong to two different classes, depending on which face the 
light emerges from. The commercially produced CP-HN-38 circular 
polarizer consists of two layers: (a) a linearly polarizing layer, and 
(6) a linearly retarding layer (having a certain retardance and orienta 
tion). If the light is incident on a and emerges from &, it emerges 
circularly polarized. If it is incident on b and emerges from a, it emerges 
linearly polarized. In addition to this linear-circular combination, 
other two-layer, dual-function polarizers can be constructed, for exam 
ple, a linear-elliptical combination. Using three layers one can make, 
for example, a right-circular-left-circular combination (ambidextrous 
polarizer), or a linear 0-linear 45 combination. 

A variable-axis-direction polarizer is a side-by-side arrangement, or 
mosaic, of elements each of which is a linear polarizer and has a dif 
ferent orientation. 

A spectrally selective polarizer is one whose properties change ap 
preciably with wavelength. If the selectivity occurs in the visual range 
of the spectrum, the polarizer is called a colored polarizer. Depending 
on whether it is designed to control the hue or the saturation of the 
beam, it is called a variable-hue polarizer or a variable-saturation polar 
izer. Polarizers that are not spectrally selective are called achromatic 
or neutral. 

A sheet-type polarizer is one whose thickness is negligible compared 
to its width. 

The adjective spathic has been applied by Jones (J-28) to a polarizer 
that conserves the cross-sectional area, solid angle, and wavelength 
distribution of the beam. 

A polarizer that has been cemented between protective covers of 
glass or plastic is called a laminated polarizer. 

Most polarizers have some depolarizing tendencies. Scattering is one 
frequent cause of this tendency; many polarizers exhibit a detectable 
amount of scattering. Other causes are oblique reflections, edge effects, 
and internal strains. A depolarizing polarizer is one that, though ca 
pable of increasing the degree of polarization of a beam that is initially 
unpolarized, will unavoidably reduce the degree of polarization of an 
incident beam that is already 100-percent polarized. The depolarizing 
tendency of most high-quality polarizers is so small as to be negligible 
in nearly all types of applications. (Many of the laws governing 
polarizers are valid only if the depolarizing tendency is negligible.) 
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A polarizing beam splitter is, of course, a polarizer. It divides the 
beam into two components, and these ordinarily exhibit orthogonal 
polarization. 

A retarder is a polarization-form converter, but is not itself a polar 
izer. (Chapter 7 discusses retarders in detail.) 

3.3. Optical Mechanisms Employed. The polarizer's task is to divide 
the incident beam into two components that are orthogonal as to 
polarization form, transmit one component, and absorb or divert the 
other. Four mechanisms for accomplishing this are available: dichro- 
ism, birefringence, reflection, and scattering. 

Dichroism is perhaps the most important mechanism. The great 
majority of currently produced polarizers are of dichroic type. A di- 
chroic polarizer preferentially transmits one polarization form and 
absorbs the orthogonal form. Since the latter form is disposed of 
in situ, no auxiliary diaphragms or absorbing surfaces are needed. 
J-sheet, the first of the well-known, sheet-type, dichroic polarizers, 
relies on oriented, dichroic micro crystals; it is known as a micro- 
crystalline polarizer. H-sheet and various other modern types rely on 
dichroic molecules long slender molecules that have been brought 
into alignment; such polarizers are called molecular. Dichroic polar 
izers are discussed in detail in Chapter 4. 

A typical birefringence polarizer consists of two prisms of calcite 
cemented together. The combination divides the incident beam into 
two components, transmits one, and totally internally reflects the 
other toward a blackened surface. The best-known design, invented by 
William Nicol in 1828 (N-5), is still in use in certain special applica 
tions, although other designs have proved superior in many appli 
cations. These polarizers are described in Chapter 5. 

Reflection plays the central role in several naturally occurring po 
larization processes, and in one well-known type of infrared polarizer. 
Whenever unpolarized light, proceeding in air or vacuum, is reflected 
obliquely from the surface of a glass plate or other smooth-faced di 
electric object, the reflected beam is polarized to some extent. By 
using favorable obliquity, and by employing a number of plates in 
series, a designer can construct a reflection polarizer that performs 
well throughout a wide spectral range. 

Scattering is another mechanism whereby polarization can be ac 
complished. The polarization of light from the blue sky is a conse- 
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quence of scattering. X-rays and gamma-rays have been polarized 
successfully by means of a scattering polarizer. Reflection and scatter 
ing polarizers are discussed in Chapter 6. 

34. Principal Performance Parameters of a Linear Polarizer. We deal 
here with the performance parameters of a linear polarizer, concern 
ing ourselves not with the intensive properties of the material com 
prising the polarizer, but with the extensive properties of the polarizer 
as a whole. 

If the linear polarizer is of homogeneous type, either face may be 
chosen as the face for the light to emerge from. In practice, few polar 
izers are perfectly homogeneous; consequently the two faces are not 
equivalent. For example, one face may exhibit a small amount of 
scattering, or a small amount of retardance due to strain in the cover 
glass or cement. The name prime face is used to designate the face 
that must be employed as emergence face if the resulting beam is to 
have the greatest degree of polarization. We shall ordinarily assume 
that the polarizer is oriented so that its prime face is the emergence 
face if the polarizer is to be used to create polarization, and is the 
incidence face if the polarizer is to be used as an analyzer. 

One important parameter of a polarizer is its polarizance P, defined 
(B-28) as the degree of polarization produced by the polarizer when 
the incident beam is unpolarized. (Degree of polarization V is, as 
explained in Chapter 1, a property of a beam; polarizance P is a 
property of a polarizer. If the beam incident on a polarizer is partially 
polarized already, the degree of polarization of the emerging beam 
wih 1 differ from the polarizance of the polarizer.) 

Perhaps the most useful parameters of a linear polarizer are the two 
principal transmittances: the major principal transmittance &i and the 
minor principal transmittance k%. The parameter ki is defined (L-8, 
W-22) as the ratio of transmitted intensity to incident intensity when 
the incident beam is linearly polarized in that vibration azimuth that 
maximizes the transmittance. The ratio obtained when the transmit 
tance is minimized is called k%. The ki value of a high-quality polarizer 
may be nearly as great as unity, and k* may be nearly as small as zero. 
The ratio ki/k 2 , represented by R t) is called the principal transmittance 
ratio; the R t value of a high-quality polarizer may be as large as 10 5 
for wavelengths near the center of the polarizer's useful range (B-8). 
Often, an investigator prefers to deal with ki and k 2 values that have 
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been corrected for reflection losses that occur at the surfaces; the loss 
amounts typically to about 4 percent per surface. 

The expression intensity transmittance is sometimes used. Jn working 
with the Jones calculus, an investigator often deals with Vfei and V& 2 , 
quantities that have been assigned the symbols pi and p% and are 
called the major and minor amplitude transmittances. 

Instead of dealing with the principal transmittances, an investigator 
may deal with the principal densities. The minor and major principal 
densities are called di and <k, and are defined as log (1/fei) and 
logu (1/^2) respectively. The ratio d^/di is called the principal density 
ratio, Rd. If the polarizer is of dichroic type, the term dichroic ratio 
may be used in place of density ratio; and the name dichroitance may 
be used for the density difference Dd = (dz di). 

The principal transmittance ratio R t is a parameter of value to the 
user of a polarizer, since in many applications it corresponds to the 
ratio of the intensities of the wanted and unwanted components of 
the emerging beam. Persons attempting to discover new and better 
dichromophores prefer to deal with the principal density ratio R^ 
since this is more nearly independent of the areal concentration of 
the dichromophore and hence can be used as a figure of merit of the 
dichromophore. Values of Rd of 30 to 50 are usually deemed excellent, 
and values below 5 or 10 are usually considered unsatisfactory. 

The average of the principal transmittances is called the total trans 
mittance; the symbol k t is used. Thus k t = %(fa + fe). Obviously, k t 
is the ratio of transmitted intensity to incident intensity when the 
incident beam is unpolarized. If the incident beam is polarized, the 
ratio of transmitted intensity to incident intensity (called the actual 
transmittance) will differ from k t . Whereas the quantity k t is a con 
stant of the polarizer, the actual transmittance is a variable; it de 
pends not only on the polarizer but also on the polarization of the 
incident beam. 

The quantity Gd, defined as k%/(ki + & 2 ) and called polarization 
defect of the polarizer (S-ll), has been used as a measure of the short 
coming in its performance. 

The transmission axis of a linear polarizer is defined with respect 
to a beam of linearly polarized light that is incident normally on the 
prime face of the polarizer. The direction which the electric vibration 
of the beam must have in order that the actual transmittance be 
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maximized is the transmission axis. Obviously, the axis is a direction, 
not one actual line; for convenience, it is usually pictured as a straight 
line through the center of the polarizer, as in Fig. 3.1. In describing 
the transmission-axis direction, one usually assumes that the polarizer 
is situated in a beam traveling horizontally in the positive Z-direc- 
tion; the X-axis is horizontal, and the F-axis vertical; the source is 
situated at the origin, and the observer is situated far out along the 
Z-axis, looking toward the polarizer and the source beyond. The 
azimuth of the transmission axis is indicated by the angle 0, measured 
counterclockwise from the X-axis. 



LAMP 




OBSERVER 



FIG. 3.1. Azimuth 6 of the transmission axis A A of a linear polarizer situated in a 
beam traveling horizontally along the positive Z-axis. 

The properties defined above are applicable when the incident light 
is monochromatic, or roughly monochromatic. Often the source emits 
a broad band of wavelengths, and the detector is responsive to a broad 
band. In such cases no simple procedure is applicable categorically; 
one must deal with each wavelength separately, and then find how to 
combine the outcomes - if, indeed, a combination is meaningful. 
When the wavelength is changed, nearly every property of the polar 
izer may change. For example, the choice of prime face may change; 
the transmission axis may change; the principal transmittances may 
change. A majority of the commercially produced linear polarizers re 
main surprisingly constant in most respects over a spectral range 
of at least one-half octave and, in some instances, one octave or more. 

In some instances, a polarizer's property may be weighted in a 
standard way, when a wide spectral range is involved. This is true, 
for example, of the total transmittance k t . If the source corresponds 
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to I.C.I. Illuminant C (daylight) and the detector is the average, 
photopic, human eye, the visual-range total luminous transmittance k v 
may prove to be a useful quantity. It is defined as 



d\ 
k v = 



where X is the wavelength in vacuum, F a is a weighting function tak 
ing account of the spectral radiance curve of the lamp, and F b is a 
weighting function taking account of the spectral responsivity of the 
photopic eye (as specified, for example, in Ref. 0-2). The integration 
is to be carried out over the entire visual range of the spectrum. 
Another "broad-band" parameter is k vx , the visual-range transmit 
tance of a crossed pair of identical polarizers. It too may be expressed 
as a ratio of integrals; the integrals are the same as those presented 
above except that the quantity *(A) must be replaced by the product 



3.5. Performance Parameters of a Pair of Identical Polarizers. As 
polarizers are often tested in pairs and used in pairs, parameters ap 
plicable to the pair are needed. The transmittance of the parallel pair, 
called HQ, is the ratio of transmitted intensity to incident intensity, 
when (a) the two identical polarizers are placed together, prime face 
to prime face, in an unpolarized (monochromatic) beam, and (6) the 
azimuth of the second polarizer is adjusted relative to that of the first 
polarizer so as to maximize the transmittance. The transmittance of 
the crossed pair, HW, is the ratio found when one polarizer is turned 
so as to minimize the transmittance. 

The symbols G and Ggo are used for the density of the parallel pair 
and the density of the crossed pair; Go is defined as logio (I/Ho), and 
G 9 o is defined as logic (1/flgo). 

When the two identical polarizers are of ideal, homogeneous, nonde- 
polarizing type, the relations between ki, k 2} H 0) and Hg Q are easily 
stated. As shown by West and Jones (W-22) : 



.090 = 

*i = 

k, = 
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In many cases & 2 is so small compared to ki (and #90 so small compared 
to EQ} that the equations may be greatly simplified without appreci 
able loss of accuracy. 

Law of Mdus. When a beam of unpolarized monochromatic light 
is incident on two ideal linear polarizers arranged in series, the trans- 
mittance depends, of course, on the angle between the transmission 
axes of the two polarizers, that is, on 6, the angle of crossing. If each 
polarizer is of homogeneous type and has ki and fe values of 1.0 and 
0.0 (and thus has H Q and E gQ values of 0.5 and 0.0), the relation be 
tween the transmittance of the pair and the angle of crossing is as 
follows : 

H(ff) = 0.5(cos 2 0). 

This law, due to Malus, is perhaps the single most useful law of polar 
izer technology. (If a beam of 100-percent linearly polarized light en 
counters an ideal polarizer at azimuth 6 relative to the vibration 
direction of the incident beam, the actual transmittance is 1.0 cos 2 6.) 
If unpolarized light strikes an identical pair of polarizers for which 
HQ and #90 do not have the ideal values of 0.5 and 0.0, the following 
equation applies: 

H(6) = # 90 + (H G - # 90 ) cos 2 B. 

Of course, if the polarizers have depolarizing tendencies, or are of 
multilayer type, a more complicated equation may apply; see Chap 
ter 8. 

Usually one assumes that the light striking a polarizer is incident 
perpendicularly. If it is incident obliquely, various obliquity effects 
arise. Baxter (B-9) has shown that the obliquity effects of the HN-22 
dichroic polarizer are small, provided the obliquity is less than about 
30. For a typical birefringence polarizer, the obliquity effects tend 
to be more serious, as shown by Groosmuller (G-13) ; see also Hasse 
(H-4). 

3.6. Circular and Elliptical Polarizers. Circular polarizers are either 
of right-handed or left-handed type, that is, they produce either 
right-circularly or left-circularly polarized light. 

As explained in Chapter 7, circular polarizers are commonly made by 
laminating together two special layers (a linear polarizer and a linear 
90 retarder). Accordingly, specification of the prime face is usually 
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essential. Obviously, the face that is nearer to the retarder than to 
the linear polarizer is the prime face; this face must be used as the 
emergence face if the emerging light is to exhibit circular polarization. 

Although a homogeneous circular polarizer has, in principle, no 
preferred (transverse) direction, an inhomogeneous circular polarizer 
is likely to exhibit some preference. Preference will result if the re 
tarder has an inappropriate retardance or is cemented to the linear 
polarizer at an inappropriate azimuth. Consequently it is often desir 
able to indicate, as a supplementary piece of information, the trans 
mission axis of the linearly polarizing layer or the fast axis of the 
retarder (Sec. 5.2). 

With respect to a circular polarizer, ki is defined as the transmittance 
found when a circularly polarized beam incident on the prime face has 
the handedness that maximizes the transmittance; & 2 is the transmit 
tance found when the handedness of the incident beam is such as to 
minimize the transmittance. As before, k t = \(k\ + ^2). 

When a circular polarizer is placed in series with another circular 
polarizer having similar k\ and 2 values and with the prime faces 
adjacent, the resulting transmittance parameter may be called the 
transmittance of the similar pair (fl^im) or the transmittance of the or 
thogonal pair (fforth), depending on whether the two polarizers have 
similar or opposite handedness. 

The general polarizer is a device that produces, from an unpolarized 
beam, an elliptically polarized beam. The polarizer may consist of one 
layer or several layers; in the latter case the prime face must be 
identified. The general homogeneous polarizer is customarily specified 
in terms of the polarization form of the light that emerges from it 
when the incident beam is unpolarized. The polarization form may be 
specified in terms of the ellipticity, the handedness, and the azimuth 
of the major semiaxis, as in Chapter 1, or in terms of the Stokes vec 
tor, Poincare-sphere representation, or Jones vector, as in Chapter 2. 
For the general polarizer, as for the linear or circular polarizer, quanti 
ties ki and & 2 may be defined straightforwardly, and suitable pair 
parameters also. 

"Round-trip" parameters. Circular polarizers are often used to sup 
press light that is reflected perpendicularly from a smooth, polariza 
tion-conserving surface S situated close behind the circular polarizer 
(Sec. 9.8). In essence, the purpose of the polarizer is to prevent the 
light from making a "round trip 3 ' through the polarizer to the surface S 
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and back through the polarizer. The fraction of light that accomplishes 
the round trip may be called the round-trip nominal total transmittance 
(kntrt)- The quantity (1 k n trt) may be called the nominal suppression 
efficiency, E ns > The ratio k t /k n trt may be called the "nominal factor of 
improvement resulting from suppressing specular reflection"; it is a 
sort of factor of merit, taking into account the (wanted) one-way 
transmission of light and (unwanted) round-trip transmission of light. 

3.7. Eigenvector of a Polarizer. The preceding sections have classified 
polarizers according to the polarization form of the emerging beam- 
Little or no attention has been paid to the relation of the polarizer to 
the polarization (if any) of the incident beam. Such attention is some 
times needed. Consider, for example, a typical, two-layer circular 
polarizer, consisting of a linearly polarizing layer and a retarding 
layer (Chapter 7). If the incident beam is already linearly polarized, 
the choice of azimuth of its vibration has an enormous effect on the 
intensity of the transmitted beam. (This would not be true, of course, 
if the circular polarizer were of homogeneous type: the intensity of 
the transmitted beam would then be independent of the azimuth of 
the incident beam.) 

To characterize a polarizer in such a manner as to take into account 
its backward-looking properties as well as its forward-looking prop 
erties, one may specify its eigenvectors (assuming the polarizer has no 
depolarizing tendency). An eigenvector is a polarization form that 
satisfies the following condition: if an incident, 100-percent polarized 
beam has this form, the emerging beam also has this form. Consider, 
for example, a polarizer that has the ki and & 2 values 0.9 and 0.1. If 
the transmission axis is horizontal, the two eigenvectors of the polar 
izer are horizontal linear polarization and vertical linear polarization; 
these may be called the major eigenvector and minor eigenvector 
respectively. If the polarizer's & 2 value is zero, there is only one eigen 
vector, namely the major eigenvector. A piece of clear isotropic glass 
has an infinite number of eigenvectors. 

Bodies that exhibit dichroism and also circular birefringence may 
have nonorthogonal eigenvectors, as shown by Pancharatnam (P-5) . 

An eigenvector may, of course, be specified in terms of the sectional 
pattern, Poincare sphere, Stokes vector, or Jones vector (Chapter 2). 

Multilayer polarizers often have eigenvectors that neither maximize 
nor minimize the actual transmittance. Consider, for example, a two- 
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layer polarizer consisting of linearly polarizing layers A and B, the 
transmission axes of which are at and 45 (Fig. 3.2). Let us assume 
that each layer's ki and fe values are 1.0 and 0.0, and that each layer 
is free of retardance and exhibits no depolarizing tendency. Then the 
eigenvector of the combination is linear polarization at 45, parallel to 
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FIG. 3.2. Eigenvector of a polarizer consisting of linearly polarizing layers A and 
B the axes of which are at 45 to one another. The ki and fe values of each layer are 
1.0 and 0.0. The incident beam is normal to the plane of the paper, and encounters 
layer A first. 

the transmission axis of the second layer (layer J5). The actual trans- 
mittance with respect to the eigenvector of the combination is 0.25, 
whereas a greater value (0.50) would be achieved if the vibration di 
rection of the incident beam were at 0. 

3.8. Mueller Matrices and Jones Matrices. The most versatile method 
of describing a polarizer is by means of its Mueller matrix, a 4 X 4 
array of 16 real elements. Such a matrix can describe any polarizer, 
whether or not it exhibits retardance and scattering in addition to 
polarization, and whether it consists of one layer or many layers. If 
the polarizer is free of scattering, the 2 X 2 Jones matrix may be used. 
Chapter 8 describes these matrices in detail and shows how they 
are used. They are eminently useful in problems involving a train of 
several polarizers, a train of several retarders, or a train containing 
polarizers and retarders. Certain problems that formerly appeared al 
most hopelessly complicated can be solved easily using these new tools. 
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4^1. Introduction. The great majority of commercially produced po 
larizers are dichroic polarizers: they exhibit dichroism, the property of 
absorbing light to different extents depending on the polarization 
form of the incident beam. 

Persons concerned with color analysis and spectrophotometric anal 
ysis use the term dichroic in three other ways. They apply it to (1) a 
dye solution that exhibits a large change in color when the concentra 
tion of the solution is changed by a large factor, (2) a color filter that 
has two transmission bands in very different portions of the visual 
spectrum and hence may exhibit a large change in color when the 
spectral energy distribution of the illumination is changed, and (3) an 
interference filter that appears differently colored when viewed by 
transmitted or reflected light. (A term that is perhaps better suited to 
those uses is dichromatic.) The application of the term dichroic to 
absorboanisotropic bodies goes back over a hundred years, and is 
said to have been suggested by the tendency of various crystals of 
this class to exhibit color changes when viewed through a slowly 
rotating polarizer. 

This chapter deals not with the ultimate causes of dichroism, but 
only with those manifestations of it that play important parts in the 
design and manufacture of linear polarizers. Dichroic circular polar 
izers are discussed in Chapter 7 and the cause of dichroism in Chapter 
10; see also a review by West (W-21). 
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4-#. Dichroism and Absorboanisotropy. The general homogeneous 
body is not isotropic. Its absorption properties, refraction properties, 
x-ray properties, and so forth, differ with direction. Accordingly terms 
such as absorboanisotropy, refractoanisotropy, and the like may be 
applicable. 

This chapter deals with absorboanisotropic bodies, that is, bodies 
that exhibit dichroism. A plate cut from such a body will divide an 
obliquely incident ray into two polarized components and will absorb 
these to different extents. To simplify the discussion we shall assume 
that the body is linearly dichroic, and thus produces components that 
are linearly polarized. (We shall assume also that the absorption oc 
curring in a path one wavelength long is very small, and that the body 
does not scatter the light.) 

It should be emphasized that the extent of absorption of a compo 
nent depends on its vibration direction. Propagation direction is not 
the basic consideration: beams having the same propagation direction 
may be absorbed to different extents if their vibration directions differ; 
but if the vibration directions are the same, the absorptions will be 
the same even when the propagation directions differ. 

In dealing with a body that absorbs radiation, one usually specifies 
the absorbance or absorbancy. Absorbance is defined as logio (/,//), 
where I is the intensity of the incident beam and 7 is the intensity 
of the emerging beam. Absorbancy is simply absorbance per unit path 
length, (l/L)log 10 (7 /I). 

The terms and symbols to be used in what follows differ from those 
used by various other authors. Many authors deal only with refraction, 
only with absorption, or only with x-ray properties. The present book 
deals with all these properties; consequently the adoption of a more 
versatile set of symbols is a clear necessity. 

Consider an experiment in which an investigator directs a beam of 
linearly polarized light at the most general type of dichroic body, and 
progressively alters the directions of propagation and of vibration of 
the incident beam. If, for each choice of conditions, he determines the 
absorbancy, he will find that different conditions lead, ordinarily, to 
different values. The maximum value that may be found is called the 
major principal absorbancy coefficient a w , and the minimum value is 
called the minor principal absorbancy coefficient a u . The wave normals 
of the various beams governed by a w are coplanar; in other words, 
there is one and only one direction that is perpendicular to all of 
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these. This direction is called the major principal absorption axis W. 
Likewise the wave normals of the various beams governed by a u are 
perpendicular to a single direction, called the minor principal absorp 
tion axis U. These two axes are mutually perpendicular ; the axis that 
is normal to both of them is the intermediate principal absorption 
axis F; associated with it is the intermediate principal absorbancy 
coefficient a v . 

We are now in a position to define the absorption indicatrix, which 
is the most succinct statement of the absorption properties of the 
absorbing body. It is the ellipsoid whose semiaxes are parallel to W, F, 
and U and have lengths proportional to a w , a vj and a u . 

The absorption indicatrix serves as a three-dimensional model from 
which the two (nonprincipal) absorbancy coefficients associated with 
any given wave-normal direction may be found. The procedure, as 
suggested in Fig. 4.1, is to cut the indicatrix with a plane that passes 




w 



FIG. 4.1. Method of finding the two (nonprincipal) absorbancy coefficients asso 
ciated with the given wave-normal direction N and the given absorption indicatrix. 
The coefficients are proportional to the lengths of the semiaxes W p and U p of the 
ellipse normal to N. 

through the center of the indicatrix and is normal to the given wave 
normal; the plane intersects the indicatrix in an ellipse, the major and 
minor semiaxes of which are called W p and U p . The lengths of these 
semiaxes correspond to the two absorbancy coefficients in question. 
Let us now consider some general plane that passes through the 
center of the indicatrix. One can always orient the plane so that its 
intersection with the (ellipsoidal) indicatrix is a circle. The normal to 
the plane is then called a monochroic axis A m , and the angle between 
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this axis and the TF-axis is the monochroic semiangle M. For the 
general indicatrix (whose semiaxes are all different in length) there 
are two monochroic axes, and the angle 2M between them is called 
the monochroic angle (Fig. 4.2). 



W 




FIG. 4.2. Monochroic axes A m and the monochroic angle 2M of an absorboani- 
sotropic body. In this instance, 2M < 90; accordingly the indicatrix is said to be 
prolate, or positive. 

When there are two monochroic axes, the body is called absorbobi- 
axial, or pleochroic; if the two monochroic axes coincide, the body is 
called absorbouniaxial. An indicatrix is called prolate (or positive) if 
2M < 90 and oblate (or negative) if 2M > 90. 

The term dichroism, when used quantitatively, means the difference 
between the principal absorbancy coefficients. The quantity (a w a v } 
may be called the first dichroism, D wv ] (a v a u ) is the second di 
chroism, >; (a w a M ) is the over-all dichroism, D wu . The last quan 
tity is the most important one, and accordingly the adjective "over 
all" is often omitted. 

4.8. Planodichroism. When a beam is incident normally on a flat po 
larizer, the two polarized components within the polarizer have, of 
course, the same wave-normal direction (the direction perpendicular 
to the entrance face of the polarizer). Consequently we are concerned 
with but a single cross section of the absorption indicatrix, namely, 
the cross section that is parallel to the entrance face. The (qualitative) 
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term planoabsorption may be given to the absorption processes con 
cerned. 

In the general case the cross section is elliptical. The principal axes 
of the ellipse may be called the major and minor planoabsorption 
axes W p and Up, and the lengths of the semiaxes represent the major 
and minor planoabsorbancy coefficients a wp and a up . The difference 
(a wp a up \ called D p , is the planodichroism. The ratio R p = a wp /a up 
is the planodichroic ratio. Obviously, the quantities a wp) and a up , D py 
and R p are intensive parameters: they are independent of the body's 
dimensions. 

Let us now consider a polarizer that consists of a thin plate cut 
from a large homogeneous specimen of absorb oanisotropic material. In 
general, the planoaxes of the plate differ from the principal axes of 
the material comprising the plate; likewise, the planoabsorbancy co 
efficients of the plate differ from the principal absorbancy coefficients 
of the material. (However, if the body is uniaxial and thus the indi- 
catrix is an ellipsoid of revolution, one planoaxis will necessarily be 
the same as one of the principal axes, and one planoabsorbancy co 
efficient will necessarily be the same as one of the principal absorbancy 
coefficients.) 

The relation between the intensive and extensive properties of the 
plate is simple. The product of thickness and planodichroism is the 
(extensive property) dichroitance. The product of thickness and a wp is 
the major principal density, d%. The product of thickness and a up is the 
minor principal density, d\. 

44- Planodichroism of Bodies Containing Oriented Microscopic Units. 
A dichroic polarizer may, of course, consist of a single crystal, for 
instance, a crystal of tourmaline. Indeed, it was while studying 
tourmaline that Biot, in 1815, discovered dichroism (B-25, G-12, 
P-10, L-8). However, a polarizer consisting of a single crystal of 
tourmaline has many shortcomings, such as small aperture, low 
dichroic ratio, short spectral range, and high cost. 

In the late 1920's Edwin Herbert Land found that the long-estab 
lished limitations on polarizer aperture could be overcome by relying 
not on one single crystal, but on a statistical array of small, dichroic 
particles (long, thin micro crystals) brought into alignment. To mini 
mize light scattering, he employed crystals whose thickness was much 
less than a wavelength of light. He aligned the particles with respect 
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to their longest axis; and, since he had taken the precaution of se 
lecting a type of crystal such that the longest axis coincided with the 
major principal absorption axis, aligning the crystals with respect to 
shape was tantamount to aligning them with respect to the long axis 
of the absorption indicatrix. Accordingly the resulting array acted 
like a single polarizing unit having almost unlimited length and 
breadth. Such an array is called a micro crystalline polarizer. Later, 
Land and his colleagues developed the molecular polarizer, which 
employed aligned, long, thin dichroic molecules. These various kinds 
of polarizers are discussed in detail in later sections. 

The individual, microscopic, dichroic entity is often called a di- 
chromophore. Sometimes this name is reserved for one particular part 
of the absorbing entity, the part that is responsible for the dichroism. 

The dichroic properties of the individual microcrystal can usually 
be specified straightforwardly by means of the terminology of the 
previous section. However, the same may not be true of a dichromo- 
phore that consists of a molecule. It is usually impractical to study a 
single molecule; yet if many molecules are taken together, an interest 
ing difficulty arises : the molecules make contact with one another and 
may influence one another's properties. How, then, can the investigator 
distinguish between the absorption properties of the individual mole 
cule, of a closely packed group of molecules, and of such a group after 
the individuals have been brought more or less into alignment? Stated 
differently: what part of the performance is a measure of the molecule 
per se, what part is a measure of the proximity effects, and what part 
is a measure of the degree of alignment? Practical answers to such 
questions are difficult to find. 

The commonest method of orienting millions of needle-shaped di- 
chromophores (embedded, for example, in a plastic sheet of nitro 
cellulose or polyvinyl alcohol or other rubber-elastic material) is to 
stretch the sheet unidirectionally. Needles that originally have random 
directions tend to be turned so that all are approximately parallel to 
the stretch axis (work axis) ; the resulting orientation is called linear 
parallelism. 

If, instead of unidirectionally stretching the sheet, one unidirec 
tionally compresses it, the needles tend to become parallel to a plane, 
namely, the plane normal to the compression axis, but show no 
preferred direction within this plane. This orientation is called uni- 
planar parallelism. 
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In most instances, the dichromophores are needle-shaped and have a 
prolate (positive) absorption indicatrix; also, the long axis is in most 
instances parallel to the major principal absorption axis. When a 
sheet containing such needles is stretched to a considerable extent, the 
major principal absorption axes of the needles become approximately 
parallel to the stretch direction; consequently the resulting polarizer 
has an absorption axis parallel to this direction. A polarizer exhibiting 
this identity of absorption axis and stretch axis is said to exhibit 
parallel planoabsorption. It is possible to make a polarizer having an 
absorption axis that is perpendicular to the stretch axis; such a polar 
izer is said to exhibit perpendicular planoabsorption. (Some authors 
use the terms positive and negative in place of parallel and perpendic 
ular, and thus invite confusion with a separate subject, namely the 
sign of the absorption indicatrix.) 

It is apparent that, in a micro crystalline polarizer, two absorption 
indicatrices are involved, one for the individual crystal, and another 
for the composite material, that is, for the dispersion of millions of 
submicroscopic dichroic crystals in an isotropic medium. Suppose, for 
example, that the individual crystal is needle-shaped, the indicatrix is 
prolate, and the major axis of the indicatrix is parallel to the long 
axis of the needle; suppose also that the crystals are brought into lin 
ear parallelism; then the indicatrix of the composite material will 
prove to be prolate. Suppose, on the other hand, that the crystals are 
brought into uniplanar parallelism; then the indicatrix of the compos 
ite material is oblate. Figure 4.3 illustrates these two geometries, 
which may be called Class PI and Class P u respectively. (Note that 
the symbols I and u here stand for /inear parallelism and uniplanar 
parallelism; the symbols P and stand for prolate and ablate shapes 
of the indicatrix of the individual crystal.) 

Consider, now, the case in which the individual needle has an oblate 
indicatrix. If the long axis of the needle is parallel to the shortest 
axis of the indicatrix, the indicatrix of the composite material will be 
oblate when the needles exhibit linear parallelism (Class Oi geometry) 
and prolate when they exhibit uniplanar parallelism (Class O u geom 
etry). These same principles apply, of course, to polarizers containing 
dichroic molecules instead of dichroic crystals. 

Jones Q-22, J-23) has shown that when the geometry is of Class UJ 
the density ratio R d of the polarizer cannot exceed 2.0 even when the 
individual crystal is needle-shaped and its indicatrix also is needle- 
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FIG. 4.3. Two types of parallelism that may be produced in a composite material 
containing needle-shaped dichroic crystals that individually have a prolate indi- 
catrix (with major principal absorption axis parallel to the longest axis of the 
needle), (a) Strip prior to stretching; needles have random directions; indicatrix 
of composite material is a sphere, (b) Strip has been stretched unidirectionally; 
needles have a high degree of linear parallelism; indicatrix of composite material 
is prolate, (c) Strip has been compressed unidirectionally; needles have a high 
degree of uniplanar parallelism; indicatrix of composite material is oblate. 

shaped. However, for a Class Oi polarizer, and likewise a Class PI 
or P u polarizer, no upper limit can be established a priori. 

4-5. Means of Aligning Dichromophore Molecules. The more success 
ful types of dichromophore molecules are those that have (1) strong 
absorption and large dichroism throughout a large range of wave 
length, (2) an absorption band that is due to a structure having a 
pronounced electric dipole moment within the molecule, (3) a long 
thin shape, and (4) an absorption axis that is parallel to the long axis. 
The dichromophore molecules may be aligned by (a) dispersing 
them in a homogeneous isotropic material, then unidirectionally 
stretching the specimen (extruding or shearing may be used instead 
of stretching) ; (6) attaching them chemically within a homogeneous 
material that already has a high degree of parallelism; (c) attaching 
them to the surface of a sheet that already has a preferred direction 
explicit on its surface (the preferred direction may be a consequence 
of a unidirectional rubbing operation) ; (d] forming, that is, creating, 
them within a homogeneous material that already has a high degree 
of parallelism; (e) miscellaneous means involving, for example, mag- 
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netic or electrostatic fields. Detailed accounts of many different ways 
of aligning the dichromophores are presented in U.S. patents by Land 
and his colleagues. The majority of these patents are listed in the 
bibliography. 

Most of the commercially produced sheet-type polarizers are made 
by processes involving the stretching of large plastic sheets. A com 
monly used plastic is the polymer polyvinyl alcohol. Stretching may be 
accomplished by a machine employing several sets of rollers running 
at different speeds; warming the sheet facilitates stretching, reduces 
the force required, and lessens the danger of breaking the sheet. The 
center line of the stretching (machine axis) is parallel, or nearly 
parallel, to the absorption axis. Near the edge of the sheet, the actual 
direction of stretching (strain axis, or work axis) may differ slightly 
from the machine axis. Sometimes the terms X-, F-, and Z-axes are 
employed; they refer to the normal to the sheet, the transverse direc 
tion, and the machine axis, respectively. 

As a measure of the extent of stretching, one may record the ratio 
of final length to initial length (the stretch ratio); however, this 
quantity takes no account of the decrease in width that accompanies 
the increase in length. A better measure is the axial ratio: one inscribes 
a circle on the sheet before starting the stretching operation; after the 
operation is complete, one measures the major and minor axes of the 
resulting (elliptical) figure and takes the ratio of the former to the 
latter. 

Jones (J-23, J-24) has computed the maximum value of the density 
ratio R d that can be achieved by stretching a sheet (containing di- 
chroic microcrystals) to a specified axial ratio. One of his findings is 
that the density ratio of the composite material can never exceed the 
dichroic ratio of the individual crystal, and in any event cannot 
exceed about 1.3 times the axial ratio. No exact computations have 
been made for the molecular polarizer. 

4-6. H-Sheet. The most widely produced type of sheet polarizer is 
the type known as H-sheet (manufactured by the Polaroid Corpora 
tion, Cambridge, Massachusetts). This molecular-type polarizer was 
invented in 1938, or shortly before, by E. H. Land. H-sheet may be 
defined generally as a transparent linear polymeric material that 
(1) consists, in large part, of polymeric molecules that have a preferred 
direction and (2) has been stained with a material that causes the 
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sheet to exhibit dichroism. The H-sheet usually produced commercially 
consists mainly of a sheet of polyvinyl alcohol that has been unidi- 
rectionally stretched; also it contains iodine that has been imbibed 
from a liquid solution, called H-ink, that is rich in iodine. In this book 
the term H-sheet usually means this particular variety. 

Manufacture. The manufacture of H-sheet is in accord with meth 
ods described in U.S. patent 2,454,515 and in various other patents 
and technical articles by Land, West, and others (L-8, L-13, B-36). 
Typically, a thin sheet of polyvinyl alcohol (PVA) is heated, stretched, 
and promptly laminated to a support sheet of cellulose acetate butyrate. 
The PVA face of the assembly is then brought into contact with 
H-ink, and imbibes a small amount of iodine from the ink. In some 
instances an isotropic dye that absorbs ultraviolet light but is trans 
parent to visible light is included in the polarizer, to absorb radiation 
that does not contribute to visibility. Finally, the sheet is dried, 
rolled up, and held ready for cutting into pieces of such sizes as are 
desired. To achieve a sheet exhibiting a high value of k\ and a very 
low value of & 2 , the machine operators must control the principal 
chemical and physical conditions with great care; to make a polarizer 
of indifferent quality is easy, but to make a large sheet that will 
exhibit very high polarizance and will be uniformly satisfactory in 
other respects is far from easy. 

Pieces cut from the roll of supported H-sheet are laminated between 
protective cover plates of plastic or glass. A typical finished polarizer is 
disk-shaped and is perhaps 1 to 3 inches in diameter. Disks 18 inches 
in diameter can be made. Rectangular pieces may be 18 inches wide 
and of almost unlimited length. 

The amount of iodine that lodges in the polarizer depends on many 
variables, including the concentration of iodine in the ink, the tem 
perature of the ink, and the duration of the inking process. Three 
grades of H-sheet, differing in the amount of iodine present in unit 
area of the polarizer, are produced in quantity: HN-22, HN-32, and 
HN-38. (The letter H designates the general type of polarizer, N 
stands for neutral color, and the accompanying number is (approxi 
mately) the percentage total luminous transmittance k t of a single 
polarizer.) 

Table 4.1 lists the principal transmittance values of HN-22, HN-32, 
and HN-38 at representative wavelengths in the visual range. Fig 
ure 4.4 presents the data in graphic form. Table 4.2 lists the values of 
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Table 4.1. Principal transmittances fa and fa of HN polarizers. a 

HN-22 HN-32 HN-38 

Wavelength 



fa fa fa fa fa 



375 0.11 0.000,005 0.33 0.001 0.54 0.02 

(.02) (.000,001) (.05) (.000,1) (.07) (.003) 



400 


.21 


.000,01 


.47 


.003 


.67 


.04 




(.12) 


(.000,01) 


(.24) 


(.002) 


(.34) 


(.02) 


450 


.45 


.000,003 


.68 


.000,5 


.81 


.02 




(.45) 


(.000,003) 


(-68) 


(.000,5) 


(.81) 


(.02) 


500 


.55 


.000,002 


.75 


.000,05 


.86 


005 


550 


.48 


.000,002 


.70 


.000,02 


.82 


.000,7 


600 


.43 


.000,002 


.67 


.000,02 


.79 


.000,3 


650 


.47 


.000,002 


.70 


.000,02 


.82 


.000,3 


700 


.59 


.000,003 


.77 


.000,03 


.86 


.000,7 


750 


.69 


.000,01 


.84 


.000,2 


.90 


.004 



a Data are from Refs. S-15 and P-26. The data are valid in applications in which 
no reflection losses occur. Although these values are believed to be typical, allow 
ance must be made for variations in the manufacturing process. The values in 
parentheses refer to polarizers containing ultraviolet absorber. 



parallel and crossed transmittances of an identical pair. The k vx values 
are approximately 0.000,005, 0.000,05, and 0.000,5 (S-15). The princi 
pal transmittance ratio R t of HN-22 may be as large as 10 5 at the most 
favorable wavelengths (B-8). The transmission-axis direction is per 
pendicular to the stretch direction. 

It is apparent that the three grades of H-sheet provide high polar- 
izance P and large major principal transmittance fa throughout a 
wide range of wavelengths. However, the performance of HN-38 is 
noticeably imperfect near the short-wavelength end of the visual range : 
the fa value falls here, and the fa value rises; thus R t becomes much 
smaller. A pair of crossed HN-38 polarizers transmits a noticeable 
amount of light of wavelength below 470 mju; hence the expression 
blue leak. The near-470-m/x crossed transmittance is less in the HN-32 
polarizer, and much less in HN-22. Consequently HN-22 is used in 
applications where very low leakage (high extinction) is necessary; 
HN-38 is used where very large fa is desired and a larger leakage is 
tolerable; HN-32 represents a compromise that is well suited to many 
applications. 
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FIG. 4.4. Curves of fe and ^ 2 for three grades of HN polarizers: HN-22, HN-32, 
and HN-38. The vertical scale is linear in log log(l/&). 

Useful performance in the near infrared is achieved (out to at least 
900 m/z) by employing several aligned H-type polarizers in series; the 
density ratio remains high here, and if several layers are used in series 
satisfactorily high polarizance results. The performance in the near 
ultraviolet tends to be disappointing, but if the absorption by the 
supporting sheet and cover plates can be obviated useful performance 
down to about 300 mju may be achieved (B-3). 

The chemical form of the iodine present in H-sheet has been in 
vestigated by Land and West (L-8, W-18). It appears to consist of 
long-chain polymer molecules; in a given chain the successive iodine 
atoms are about 3.10 angstrom units apart. This separation, West 
points out, is characteristic neither of iodine atoms that are joined by 
single bonds nor of the successive groups in PVA (whose unit-cell 
length is 2.52 A). Thus one infers that a PVA-iodine complex of some 
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Table 4-%> Parallel-pair transmittance H Q and crossed-pair 
transmittance #90 of HN polarizers. a 



HN-22 HN-32 HN-38 


Wavelength 

(niJLt) HQ HQQ HQ HQQ HQ 


SQQ 



375 0.006 0.000,000,5 0.05 0.000,3 0.15 0.01 

(.000,2) (.000,000,02) (.001) (.000,05) (.002) (.000,2) 



400 


.02 


.000,002 


.11 


.002 


.22 


.03 




(.007) 


(.000,001) 


(.03) 


(.000,5) 


(.06) 


(.01) 


450 


.10 


.000,001 


.23 


.000,3 


.33 


.02 




(.10) 


(.000,001) 


(.23) 


(.000,3) 


(.33) 


(.02) 


500 


.15 


.000,001 


.28 


.000,04 


.37 


.004 


550 


.12 


.000,001 


.25 


.000,01 


.34 


.000,6 


600 


.09 


.000,001 


.22 


.000,01 


.31 


.000,2 


650 


.11 


.000,001 


.25 


.000,01 


.34 


.000,2 


700 


.17 


.000,002 


.30 


.000,02 


.37 


.000,6 


750 


.24 


.000,007 


.35 


.000,2 


.41 


.004 



a Data are from Refs. S-15 and P-26. The data are valid in applications in which 
no reflection losses occur. Although these values are believed to be typical, allow 
ance must be made for variations in the manufacturing process. The values in 
parentheses refer to polarizers containing ultraviolet absorber. 



sort is created, and that it is this complex that determines the 3.10-A 
spacing. The typical length of the PVA chains and polymeric iodine 
chains is not known, although rough estimates may be made by means 
of a formula proposed by Kuhn (K-22). 

Polyvinyl alcohol has been studied at length by Krimm et al. (K-20), 
Clarke and Blout (C-17), Blout and Karplus (B-32), Cohen et al. 
(C-19), and others; see also D-24, E-10, H-l. Several methods of 
preparation are available, and lead to products having slightly dif 
ferent properties. PVA film may be produced from a PVA solution by 
means of casting; the cast film has a refraction indicatrix (Sec. 5.2) 
that, for light in the visual range, is oblate, the shortest axis being 
perpendicular to the film; when the film is stretched unidirectionally, 
the indicatrix becomes prolate, the long-axis direction being parallel to 
the stretch direction. The over-all coefficient of birefringence may be 
as great as 0.034 (Land and West, L-8). In certain portions of the 
infrared region, PVA itself exhibits absorption and, moreover, di- 
chroism; such properties, explored by Krimm et al. (K-20) and by 
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Tadokoro et al. (T-l), add to one's understanding of the structure of 
PVA and contribute also to the understanding of the mechanism of 
iodine uptake. 

H-sheet itself exhibits birefringence, and this is, of course, related 
to the dichroism. Mielenz and Jones (M-19) have investigated the 
relation. Blake et al. (B-31) have measured the birefringence in the 
near infrared. 

H-sheet exhibits excellent stability throughout a reasonably wide 
range of operating temperatures, but tends to deteriorate if exposed 
to high temperature (175F) or to a combination of high temperature 
and high humidity. The deterioration is much slower if the H-sheet 
has been laminated between cover plates of plastic or glass. 

Varieties of H-sheet involving other plastics and other dichromo- 
phores have been prepared. Sheets of polyvinyl butyral were used 
successfully by Land in 1938 (U.S. patent 2,454,515). Other kinds of 
ink have been used. Polarizers employing PVA have been made in a 
number of institutions; the Russian scientist Godina (G-8) has dis 
cussed some of the properties of such polarizers. See also references K-3 
and C-28 regarding polarizers made by Kasemann in Germany, and 
patent 2,246,087 by Bailey and Brubaker. Reference should be made 
also to the "Bernotar" polarizer produced in recent years in Jena, 
Germany. The dichroic ratio of an individual crystal of iodine has 
been measured by Bovis (B-47). 

4.7. K-Sheet. K-sheet, invented by E. H. Land and H. G. Rogers in 
1939 or shortly before, is perhaps the second most important type of 
sheet polarizer. It ranks close behind H-sheet in commercial impor 
tance and surpasses it in certain respects, such as resistance to effects 
of high temperature and high humidity. 

The manufacture of K-sheet starts with a sheet of polyvinyl alcohol 
(PVA) . The main step involves not adding any atoms to the PVA, but 
taking atoms away. The PVA sheet is heated in the presence of a 
catalyst (for example, HC1) and as a result 2n hydrogen atoms and n 
oxygen atoms are given off. The process is called catalytic dehydra 
tion, and has been described in various patents and articles (patents 
2,173,304 and 2,306,108; L-8, L-13, B-36, and J-9). Stretching opera 
tions are used to align the long-chain molecules (see, for example, 
Rogers 7 patent 2,255,940). The resulting material is laminated to a 
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sheet of supporting material such as cellulose acetate butyrate and is 
then laminated between cover plates of plastic or glass. 

Table 4.3 lists the transmittance values of KN-36, which is the 
usual grade of K-sheet. Figure 4.5 presents similar data in graphic 

Table 4-8. Principal transmittances k\ and fe, parallel-pair 
transmittance HQ, and crossed-pair transmittance HQQ 
of KN-36 polarizers. a 



Wavelength 
(m/0 


*, 


k, 


#0 


H 90 


375 


0.42 


0.002 


0.09 


0.001 




(.03) 


(.001) 


(.000,5) 


(.000,03) 


400 


.51 


.001 


.13 


.000,5 




(.31) 


(.001) 


(.05) 


(.000,3) 


450 


.65 


.000,3 


.21 


.000,2 




(.65) 


(.000,3) 


(.21) 


(.000,2) 


500 


.71 


.000,05 


.25 


.000,04 


550 


.74 


.000,04 


.27 


.000,03 


600 


.79 


.000,03 


.31 


.000,02 


650 


.83 


.000,08 


.34 


.000,07 


700 


.88 


.02 


.39 


.02 


750 


.92 


.57 


.59 


.53 



a Data are from Refs. S-15 and P-26. The data are valid in applications in which 
no reflection losses occur. Although these values are believed to be typical, allow 
ance must be made for variations in the manufacturing process. The values in 
parentheses refer to polarizers containing ultraviolet absorber. 

form. K-sheet performs satisfactorily throughout most of the visual 
range. The performance is less satisfactory near the long-wavelength 
end of this range : when two crossed K polarizers are held in front of a 
w r hite-light source, the (faint) transmitted light has a reddish hue. 

The transmission axis is perpendicular to the stretch direction. 

The dichromophore in K-sheet is polyvinylene. Only a small frac 
tion of the PVA is converted to polyvinylene; much of the PVA re 
mains. The conjugation of the polyvinylene is presumed to extend 
through very long chains, since the material shows strong absorp 
tion not only in the visual range but in the near ultraviolet also 
(L-8, K-22). 

For reasons not clearly understood, some K polarizers have a num.- 
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her of closely adjacent absorption bands superimposed on the main 
absorption band. These smaller bands lie mainly in the region from 
350 to 500 mju, as shown by Baxter et al. (B-8). 

K-sheet is more stable at high temperature and high humidity than 
is H-sheet. Glass-laminated K-type polarizers can stand a temperature 
of about 190F for prolonged periods, and plastic laminated K polar 
izers can stand about 215F for fairly long periods. Because of this 
excellent stability, K-sheet is well suited to use in automobile head 
lights. 

Small pieces of unsupported K-sheet the dichroic sheet proper, 
with no supporting layer have been produced experimentally, and 
have proved to be of use in Lyot filters (Sec. 9.10). Being only about 
0.001 in. thick, the material is, of course, very fragile. 
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4.8. ] -Sheet. J- sheet, although superseded 20 years ago by other 
types of polarizers, has the distinction of being the world's first sheet- 
type dichroic polarizer and the first polarizer to be put to widespread 
use by scientists and by the public. When J-sheet became available, 
scores of new applications of polarized light became practical. 

J-sheet is a macrocrystalline polarizer. Its invention represented a 
dramatic break with previous lines of attack. Earlier workers had 
concentrated their efforts on the attempt to grow dichroic crystals of 
large size (U-l); but, despite efforts extending over a period of 75 
years, little progress had been made, the largest crystals produced 
being only a few millimeters in width. 

In about 1928 Edwin H. Land, then an undergraduate at Harvard 
College, conceived the idea of employing a statistical array of aligned 
crystals. He reasoned that if millions of tiny crystals could be brought 
into approximate alignment their absorption axes also would be nearly 
parallel, and if the crystals w r ere sufficiently small and were enveloped 
in a transparent material of similar refractive index, so that light- 
scattering would be reduced to a low level, the aggregate would behave 
much like one very large, very thin crystal. 

His efforts were successful (L-4, L-8, L-13). He reduced crystals of 
herapathite to very small particle size, then aligned them, by means 
of a flow method, for example. A satisfactory enveloping medium, or 
vehicle, was found, for instance, a solution of cellulose acetate. Shortly 
before 1930 experimental quantities of the new (J-type) polarizer were 
produced and the author was privileged to receive and experiment 
with sample pieces. Within a few years the material was being manu 
factured on a large scale (see U.S. patents 1,918,848, 1,951,664, 
1,955,923, 1,956,867, and various other patents by Land). 

Herapathite had been discovered in about 1852 by Dr. William Bird 
Herapath, an English medical research worker (H-23, H-24). The 
chemistry of this material (the sulfate periodide of the cinchona 
alkaloid quinine) has been studied by many investigators; its crystal 
lography was explored in 1937 by West (W-16). The crystals tend to 
be needle-shaped, with the major principal absorption axis parallel to 
the long axis of the needle. Thus when a sheet containing millions of 
such crystals is stretched, the major absorption axis of the sheet is 
parallel to the stretch direction. The transmission axis is, of course, 
perpendicular to the stretch direction. 
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The photometric properties of J-sheet are described in articles by 
Land and West (L-8) and by Grabau (G-10). The data will not be 
presented here, since this polarizer has been superseded, principally 
by H-sheet and K-sheet. Whereas J-sheet, being a microcrystalline 
polarizer, has some tendency to scatter light (as discussed, for exam 
ple, by Farwell, F-7), H-sheet and K-sheet, being molecular polarizers, 
exhibit virtually no scattering. Some Russian work on polarizers con 
taining herapathite crystals has been described by Godina and 
Faerman (G-7). 

4.9. ~L-Sheet. Just before World War II, and also during the early 
years of that war, a shortage of quinine (and hence of herapathite) 
threatened. Accordingly Land and his colleagues sought a polarizer 
that did not require quinine. Several such polarizers were invented. 
One of these was L-sheet. (Others were H-sheet and K-sheet, discussed 
in previous sections.) 

L-sheet contains myriad aligned, dichroic, organic dye molecules 
(L-13). It may contain a single black dye, or it may contain several 
different dyes each of which absorbs in a different portion of the visual 
range. Land's U.S. patent 2,454,515 mentions 'the following direct 
dyes: National Erie Black GXOO (C. I. 581), Amanil Black (C. I. 395), 
Amanil Fast Black (C. I. 545), Tintex Black, and Logwood; and the 
following miscellaneous dyes: Niagara Blue 2B (C. I. 406), Solantine 
Red 8BL (C. I. 278), Niagara Navy Blue BW, Erie Green MT (C. I. 
593), Erie Garnet B (C. I. 375), and Solantine Black L (Prototype 
No. 24). 

Other dyes have been listed by Land and West (L-8) and by Zocher 
(Z-6). Examples are: Congo Red, the orange dye C. I. 374, the blue 
dye C. I. 518, and the yellow dye C. I. 622. 

The dyes may be dispersed in stretched PVA, or in cellophane or 
other polymeric material. 

The density ratio achieved in L-sheet seldom equals the ratios 
achieved in the H and K polarizers; consequently L-type polarizers 
have not been used so extensively. 

4 .10. Other Dichroic, Sheet-Type, Visual-Range, Neutral Polarizers. 
M-sheet, another polarizer developed by Land and his colleagues, 
employs aligned microcrystals of types other than herapathite. For 
example, dibenzacridine periodide may be used (L-8). Such polarizers 
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were produced commercially during the early years of World War IT, 
but were soon superseded by H-sheet and K-sheet. 

Various other sheet-type, dichroic, visual-range, neutral polarizers 
have been made from time to time by the Polaroid Corporation. Exam 
ples are discussed in the patents by Land and his colleagues (for ex 
ample, U.S. patent 2,454,515) and in articles by Land (L-13) and Land 
and West (L-8). Some experimental polarizers employed tiny needle- 
shaped crystals of metal, tellurium, for example; the spectral curves 
of such polarizers have been published (L-13); the dichroism of tellu 
rium has been studied by Loferski (L-24). Berkman et al. (B-14) have 
summarized efforts to make dichroic polarizers that employ micro 
scopic crystals of gold, silver, and mercury. Cayrel and Schatzman 
(C-4) have tried using 0.5-ju particles of graphite. 

An interesting type of dichroic polarizer is the type discovered by 
Beilby and later carried forward by Dreyer and his colleagues at 
Polacoat, Inc. (D-16, D-17, D-18; U.S. patents 2,400,877, 2,432,867, 
2,481,830, and 2,544,659). To produce such a polarizer, one imparts a 
preferred direction to the surface of a sheet of glass or plastic, by rub 
bing it unidirectionally with filter paper, cotton, or rouge. The affected 
region extends to a depth of less than 1 p, (Zocher and Coper, Z-7). 
The sheet is then rinsed and treated with a solution of dichroic mole 
cules having suitable electrical properties, for example, a 0.5-percent 
solution of methylene blue in ethanol (Z-7). The result is that the 
adsorbed dye molecules tend to have a preferred direction, and hence 
exhibit dichroism. In typical polarizers made by Polacoat, Inc., the k t 
and k vx values are said to be approximately 0.35 and 0.001 (P-21). In 
some instances a metal has been used as adsorbed material, with the 
result that a dichroic mirror is achieved as described in Dreyer ? s 
patents 2,484,818, 2,776,598. Polaroid Corp. has also produced Beilby 
layer polarizers; the subject has been reviewed by West (W-19). 
Articles by Demon (D-5) and by Anderson (A-8) are pertinent also. 
The Beilby layer method is well suited to making variable-axis-direc 
tion polarizers: if the rubbing follows a curved path, successive por 
tions of the polarizer will have progressively different directions of 
transmission axis. The Polacoat, Inc., "Axis Finder" polarizer employs 
this principle. 

Carl Zeiss Company of Germany has produced a microcrystalline 
polarizer, called Herotar, containing aligned crystals of herapathite 
(L-8). That company has experimented also with a polarizer consisting 
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of one large-area crystal of herapathite; the polarizer was called Mi- 
polar. The Zeiss developments were due mainly to Bernauer (B-15) 
and have been reviewed by Hasse (H-2, H-4). In about 1926 Zimmern 
(Z-5) produced polarizers consisting of one crystal, or a few crystals, 
of iodoquinine sulfate; the material was dissolved and a glass plate was 
dipped into the solution; as the solvent evaporated, a contiguous 
group of single crystals each a few millimeters in width was formed. 
Marks, in U.S. patents 2,104,949 and 2,199,227, describes methods 
that include an " intensification" step which is said to shorten the 
time needed to produce large uniform areas of the crystals. 

If, using the Dreyer method, one produces a dichroic film on a quartz 
plate, the resulting polarizer may perform reasonably well even in the 
ultraviolet range down to 215 mju, according to McDermott and 
Novick (M-l). Such polarizers may be used in wide-angle beams. How 
ever, in applications where high transmittance and high polarizance 
are required, the prism-type polarizers discussed in Sec. 5.10 are 
usually preferred. 

4.11. Colored Dichroic Polarizers. To make a colored, or chromatic, 
dichroic polarizer, one may employ a stretched sheet that contains 
oriented molecules of a colored dye. Section 4.9 lists many dyes that 
have favorable properties. The dyes may be added to the sheet before 
or after the stretching operation. Satisfactory methods have been in 
dicated by Land and West (L-8) and are described in various patents 
by Land (see bibliography). 

Density ratios of 5 to 15 are achieved in the spectral region in which 
the dye in question exhibits strong absorption. Illustrative spectral 
curves are presented in Ref . L-8, in Polaroid Corp. Technical Pamphlet 
F997, and in the Polaroid Reporter for September 1952. See also a 1951 
article by Scherer (S-3). 

To make a variable-hue polarizer, one may obtain a polarizer con 
taining a single dye and laminate this polarizer, in crossed orientation, 
with a polarizer containing a dye that absorbs in a different part of 
the visual spectrum. Such combinations may serve as color-correction 
filters for use in color photography (G-4, D-12); see Sec. 9.10. 

4.12. HR-Sheet. HR-sheet, a polarizer for the near-infrared region, 
contains some of the same ingredients that H-sheet and K-sheet con 
tain: some iodine, polyvinylene, and a large amount of PVA. However, 
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its spectrophotometric properties (S-15, P-27, B-27) differ from what 
one might expect from a combination of H and K. Neither H-sheet 
nor K-sheet absorbs appreciably at wavelengths near 1.5 /z, yet HR 
has a strong absorption band here, and much dichroism also. One 
infers that HR contains a special kind of dichroic complex. 
Table 4.4 lists the spectral properties of a more or less representative 

Table 4.4. Principal transmittances of HR-sheet. 



Wavelength (ju) Principal transmittance 
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Source: Ref. S-15. 

HR polarizer, and Fig. 4.6 shows the variability that may exist among 
experimental lots produced by slightly different methods and employ 
ing different kinds of cover plates. Obviously, the cover plates them 
selves hurt the performance at wavelengths exceeding 2.3 jU. In general, 
the HR polarizer performs excellently from 0.7 to 2.3 ju, and in some 
applications may be useful throughout a larger range, such as 0.6 
to 5 ^. HR polarizers can be used for prolonged periods at temperatures 
as high as 150T, and briefly at 200F (Polaroid Pamphlet F976). 

HR-sheet was invented at the Polaroid Corporation in the period 
from about 1943 to about 1951; see U.S. patent 2,494,686 by R. P. 
Blake, and articles by Land (L-13) and also Blake et al. (B-31). 

In 1957 the Carl Zeiss Company obtained a German patent on a 
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FIG. 4.6. More or less typical curves of &i and k z for a glass-laminated HR po 
larizer (G), a plastic-laminated HR polarizer (P), and a naked, unsupported HR 
film (N). The vertical scale is linear in log log(l/&). 

polarizer having much resemblance to the HR polarizer (German 
patent 1,015,236). 

There are, of course, many other materials that exhibit pronounced 
dichroism in certain parts of the infrared range, and thus might, 
perhaps, serve as dichroic polarizers. For example, one might exploit 
the large dichroism exhibited by an ammonium nitrate crystal at 11 ^ 
and 14 JLC; see Newman and Half or d (N-2). 



BIREFRINGENCE POLARIZERS 



5.1. Introduction. Birefringence polarizers operate by dividing the 
incident beam into two completely and orthogonally polarized compo 
nents, separating them physically, and eliminating one of them. 
Ideally, the transmitted component is completely polarized and suffers 
no decrease in intensity. In practice, various effects of reflection, 
obliquity, and astigmatism hurt the performance. Also, the linear and 
angular apertures are small, the thickness and weight are. great, the 
cross-sectional shape (a rectangle) is inconvenient, and the cost is 
high. Consequently such polarizers have been largely superseded by 
dichroic sheet-type polarizers, though they continue to reign supreme 
in certain applications, such as those involving ultraviolet light. 

The history of the birefringence polarizer goes back to 1690, when 
Christian Huyghens, experimenting with calcite crystals, discovered 
polarized light (H-42). The Nicol prism was invented in 1828, and 
superior designs were perfected subsequently. Some of the greatest 
minds in crystallography and microscopy have been applied to this 
subject. The early history of the birefringence polarizers is recorded in 
anonymous works published in 1819 (A-10) and 1843 (A-ll), and in 
works by Gange (G-2), Johannsen (J-18), Thompson (T-5), and Tut- 
ton (T-12). More recent developments have been reviewed by Archard 
(A-19, A-20) and Twyman (T-13). 

Because refractoanisotropy plays the central role not only in bire 
fringence polarizers but also in retarders, a brief review of the main 
parameters is presented below. Detailed accounts appear in works by 
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Born (B-41), Bouasse (B-44), Jenkins and White (J-9), Ditchburn 
(D-10), Johannsen (J-18), and Wahlstrom (W-l). 

5.2. Refractoanisotropy and Birefringence. When a monochromatic 
ray passes from an evacuated region into a cube of glass, the speed of 
propagation (ray speed) within the glass is less than the speed in 
vacuum. The ratio of the latter speed to the former is called n, the 
refractive index of the glass. The value of n remains the same irrespec 
tive of which face of the cube is taken as entrance face, irrespective of 
the obliquity of the ray, and irrespective of its direction of vibration. 
Consequently the glass is called refractoisotropic. 

The general body is leir&ctoanisotropic. When a ray strikes a cube 
cut from such a body, two refracted rays are produced, each having its 
own direction (ray direction), own set of wave fronts, and own wave 
normal (normal to the wave front). For each of the two refracted rays, 
two kinds of speed may be defined: ray speed and normal speed. The 
ray speed is simply the speed of propagation along the ray direction 
(Fig. 5.1). The normal speed is the product of (1) the ray speed and 





FIG. 5.1. Ray direction R and wave-normal direction TV" in a refractoanisotropic 
body. The wave fronts are designated by w. Although the energy follows the direc 
tion R, one finds that the direction N plays the main role in the graphic and 
algebraic descriptions of refractive index. 

(2) the cosine of the angle between the ray direction and the wave 
normal. The refractive index of the body with respect to a given ray 
is defined as the ratio of the speed in vacuum to the normal speed of 
the given ray in the body. (Many textbooks fail to present a clear 
definition of the refractive index; they leave the reader free to conclude 
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that the ratio in question is the ratio of speed in vacuum to ray speed.^) 

The direction one usually deals with in problems involving bire 
fringence is the wave-normal direction, and the speed one usually deals 
with is the normal speed. Only by employing these "normal" param 
eters can one describe the main refraction properties of the body in a 
simple manner. 

The two refracted rays produced when the unpolarized beam strikes 
the cube obliquely are found to be polarized, and in fact orthogonally 
polarized. In some instances the two polarization forms are linear, and 
the body is said to be linearly birefringent. Other bodies produce 
circular or elliptical forms, and are called circularly or elliptically 
birefringent. To simplify the discussion, we shall confine our attention 
to linearly birefringent bodies; also we shall assume that the bodies are 
homogeneous and exhibit no scattering and no absorption. 

When the ray is incident on a different face of the linearly bire 
fringent cube, or when the ray is incident at different obliquity, each 
of the refracted rays is changed: its ray direction and ray speed change, 
and its wave normal and normal speed change. The key direction here 
is the vibration direction: if it remains the same, the normal speed re 
mains the same; if it changes, the normal speed changes. By experi 
menting with a polarized refracted ray having, successively, all 
possible vibration directions, one arrives at a maximum value of 
refractive index, called the major principal refractive index 7. Sim 
ilarly one finds a minimum value, the minor principal refractive index 
a. The family of wave-normal directions associated with 7 defines a 
plane whose normal is Z, the major principal axis of refraction. Simi 
larly, the wave-normal directions associated with a define a plane 
whose normal is X, the minor principal axis of refraction. The X- 
and Z-axes are perpendicular to one another. The direction perpen 
dicular to both is called Y, the intermediate principal axis of refrac 
tion; associated with it is the intermediate principal refractive index /3. 
(The products of c, the speed of light in vacuum, and the reciprocals 
of the principal indices a, /3, 7 are called the principal normal speeds 
v a , D0, and v^i for example, v a = c/a..} 

We are now in a position to define the refraction indicatrix, the most 
succinct summary of the body's refraction properties. It is the ellipsoid 
whose semiaxes are parallel to X, Y, and Z and have lengths equal 
to a, j8, and 7. It serves as a three-dimensional model from which the 
two indices associated with any given wave-normal direction within 
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FIG. 5.2. Method of finding the two (nonprincipal) refractive indices n p and n q , 
for the given wave-normal direction N and the given refraction indicatrix. 

the body may be found. The procedure, suggested by Fig. 5.2, is to 
cut the indicatrix with a central plane that is perpendicular to the 
given wave-normal direction; the plane intersects the indicatrix in an 
ellipse, and the lengths of the ellipse's major and minor semiaxes are 
proportional to the two pertinent (nonprincipal) refractive indices n p 
and n q . (The situation is much like that concerned with the absorption 
indicatrix of Chapter 4. One of the main differences is that the refrac 
tion indicatrix usually departs but slightly from a sphere, whereas the 
absorption indicatrix may be very far from spherical.) 

The indicatrix may be positive or negative (that is, prolate or 
oblate) . It is called positive if 



0,2 2 02 T 2 

An equivalent criterion is that the optic axial angle 27, denned in a 
later paragraph, be less than 90. 

The birefringence of the general refractoanisotropic body is not one 
quantity, but three, namely, the three differences between the major 
principal refractive indices: y ]8, or J 7/3 ; |8 a, or /$; and 7 a, 
or J 7a . They may be called respectively the first, second, and over-all 
coefficients of birefringence. 

In any homogeneous body exhibiting essentially no absorption in 
the visual range, one may find an isoaxis of refraction, that is, a wave- 
normal direction for which the two pertinent refractive indices n p 
and n q are identical. In the general absorboanisotropic body there are 
two such axes, called optic axes; they make equal angles V with the 
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Z-axis, and the double angle 2V is called the optic axial angle. Because 
the body has two isoaxes of refraction, it is called refractobiaxial. 

Some bodies have only one isoaxis of refraction; that is, in some 
bodies the two isoaxes are identical. Such a body is called refractouni- 
axial. It has only two principal refractive indices, called a; ("ordinary") 
and e ("extraordinary"). If the indicatrix now an ellipsoid of revolu 
tion is positive, e > co; if it is negative, e < co. The difference 
e coj is the birefringence of the uniaxial body, and may be called J. 
(Many authors use birefringence to mean e co; this is a signed 
quantity, and is positive or negative depending on whether the indi 
catrix is positive or negative. Many authors represent the birefringence 
by the symbol Aw.) When the wave normal of a given ray within the 
body is oblique to the optic axis, one of the two indices continues to 
be equal to the principal index co, and the other lies between co and ; 
it may be called e'. A polarized ray that is governed by the uniaxial 
body's ordinary index is called an ordinary ray (0-ray), and a ray 
governed by (or e 7 ) is called an extraordinary ray (E-ray). 

When a beam is incident normally on a birefringent sheet, the two 
polarized components within the sheet have, of course, the same wave- 
normal direction (the direction perpendicular to the sheet). Conse 
quently we are then concerned with but a single cross section of the 
refraction indicatrix, namely, the cross section that is parallel to the 
sheet. 

The term planorefraction may be given to the refraction process 
concerned. In the general case the cross section is elliptical. The 
principal axes of the ellipse may be called the major and minor axes 
(or the slow axis S and the fast axis F) ; the lengths of the major and 
minor semiaxes may be called the major and minor indices y p and <x p , 
and the magnitude of the difference between these may be called the 
planobirefringence J p . 

5.8. Materials Used. Birefringence polarizers usually employ calcite 
(CaOC0 2 ), a transparent, refractouniaxial crystal belonging to the 
hexagonal crystallographic system and having a negative (oblate) 
indicatrix. The over-all coefficient of birefringence is large: for 5983- A 
sodium light 

/ = 6 w | = [1.486 - 1.658J = 0.172 

(A-7, S-19); for 3400 and 7600 A, the / values are 0.195 and 0.167. 
These values are so large that even beams having great angular width 
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may be polarized successfully. The material is transparent from about 
2400 A in the ultraviolet to about 1.8 ju in the infrared (B-46) ; outside 
this range it exhibits strong absorption and, in fact, some dichroism. 
Sodium nitrate (NaN0 3 ) is another pertinent material. Its e and co 
values are 1.3369 and 1.5854; thus J = 0.2485, which is larger than 
for calcite. Quartz, a positive refractouniaxial crystal, has a bire 
fringence 

J = e - co| = |1.553 - 1.544| = 0.009; 

this is very small, and accordingly quartz is seldom used in polarizers, 
though often used in retarders. Various other birefringent crystals are 
listed in the American Institute of Physics Handbook (A-7), Sec. 6-b; 
see also S-19. 

Many birefringence polarizers employ a thin layer of isotropic ma 
terial between two birefringent prisms. The isotropic material must 
satisfy many requirements (discussed at length by Bouriau and 
Lenoble, B-46): it must have a suitable refractive index; it must be 
transparent and chemically stable; usually it must serve as a cement 
also. Canada balsam is the usual choice; its index is 1.55, which is ap 
proximately midway between those of calcite. In polarizers intended 
for use below 330 m/x a different cement must be used, since Canada 
balsam is opaque here. One procedure is to use gedamine, a butyl 
alcohol solution of urea formaldehyde; its index is approximately 1.52 
and it is transparent to wavelengths as short as 250 m/j (B-46). An 
other procedure is to use a thin air gap. 

The following sections describe various specific designs, starting 
with those of principal current interest. 

6.4. Ahrens Polarizer. The Ahrens polarizer, invented in 1886, con 
sists of three prisms of calcite cemented together with Canada balsam 
to form a rectangular block (Fig. 5.3). The length/ width ratio of the 
block is approximately 1.9. When unpolarized light is incident on the 
face containing the apex of the central piece of calcite, the E-ray 
passes straight through. The 0-ray, however, suffers total internal 
reflection at the oblique (cement) interface (since the ordinary index 
of calcite far exceeds the index of the cement) and is absorbed by the 
black coating on the sides of the polarizer. 

The device has excellent characteristics. It has very high polarizance, 
perhaps exceeding 0.999,99. Relative to various other birefringence 
polarizers it has a large linear aperture (relative to the length), and a 
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FIG. 5.3. Ahrens polarizer. The direction of the optic axis is indicated by the 
hatch marks. The four lateral faces are covered with black paint. 

large acceptance angle. The faces used are squarely perpendicular to 
the incident ray. The device is used in polarizing microscopes. 

The dividing line seen across the center of one face is sometimes un 
desirably conspicuous, but may be made less so by cementing a thin 
glass cover slip to this face. 

The design has been described in detail by Johannsen (J-18). (In 
some instances, a different choice of optic-axis direction is used.) 
Ahrens polarizers are manufactured by the Crystal Optics Company 
of Chicago, Illinois. 

5.5. Wollaston Polarizer; Rochon Polarizer. The Wollaston polarizer 
produces two orthogonally polarized beams. It divides the incident 
light into two polarized components, deviates them oppositely (Fig. 
5.4), and transmits both. The tw r o pieces of calcite are joined by a layer 
of Canada balsam. The total deviation angle < depends on the choice 
of wedge angle 6 (and varies slightly with wavelength). The device is 
compact and square ended, and it performs excellently in most ap 
plications where two orthogonally polarized beams are required. 




FIG. 5.4. Wollaston polarizer. 
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FIG. 5.5. Rochon polarizer. 

The Rochon polarizer (Fig. 5.5), invented in 1783 (W-22), bears 
much resemblance to the Wollaston. Indeed, if the diagram of the 
Wollaston is turned through 90 it resembles the diagram of the 
Rochon, except for details as to shape. Again both of the components 
are transmitted. The 0-ray proceeds straight through, and the E-ray 
is deviated through a moderately large angle <t> that depends on the 
choice of 9. 

5.6. Glan-Foucault Polarizer; Taylor Modification. The Glan-Fou- 
cault polarizer was designed to polarize ultraviolet light (and succeeds 
in polarizing visible and infrared light also). The two calcite prisms 
are separated by an air gap (Fig. 5.6). In each prism the optic axis is 
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FIG. 5.6. Glan-Foucault polarizer. 

perpendicular to the beam and to the upper face. The angle 6 is about 
38 J, according to Archard and Taylor (A-19), and the acceptance 
angle is about 7. The transmitted component is the E-ray. The reflec- 
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tion losses suffered by the wanted component are large, because of the 
two additional air-calcite interfaces; hence the ki value is only about 
0.50 (A-19). 

To provide a higher value of ki, Archard and Taylor in 1948 (A-19) 
proposed a modified design in which the optic axis in each prism is 
parallel to the entrance face and also to the upper face (Fig. 5.7). 




-ray 



FIG. 5.7. Taylor modification of Glan-Foucault polarizer. 

Reflection losses at the oblique surfaces are reduced so much that 

ki ^ 0.90. 



5.7. Nicol Polarizer. The Nicol polarizer, invented in 1828 by the 
Scottish physicist William Nicol (N-5), was the first of the highly 
successful birefringence polarizers. For over a century the term Nicol 
was virtually synonymous with polarizer. 

No detailed description of the Nicol will be presented here. The 
polarizer was largely superseded several decades ago; in visual-range 
work the Ahrens, Glazebrook, and Rochon polarizers or the new 
types of dichroic, sheet-type polarizer are usually preferred; in 
ultraviolet investigations the Clan-Thompson and modified Glan- 
Thompson polarizers are preferred. 

The design of the Nicol is difficult to describe and difficult to grasp. 
Johannsen (J-18) devotes seven pages to the matter. The general 
features are suggested by the sketches of Fig. 5.8. Various minor 
changes in design have been made from time to time. 

The performance of the Nicol leaves much to be desired. Because of 
the obliquity of the entrance and exit faces, (a) the wanted component 
does not proceed straight through, but is displaced laterally, (6) the 
emerging beam is actually elliptically polarized, not linearly polarized 
(though, to be sure, the ellipticity is extremely small), and (c) astig- 
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FIG. 5.8. Nicol polarizer: (a) a rhombohedron of calcite prepared largely by 
cleavage, in which p\qip^ is the plane in which a saw cut is made and Canada 
balsam is inserted; (6) the plane ABCD and the optic axis, which lies in this plane. 
The four lateral faces are coated with black paint. 

matism (with respect to light approaching the polarizer from a nearby 
source) is appreciable. The acceptance angle is relatively small, being 
about 25 to 28 (J-9, J-18). 

Various investigators have proposed minor changes in the original 
design. A modified form proposed in 1908 by Halle (D-7) is currently 
produced by Bausch and Lomb, Inc., Rochester, New York. 

5.8. Other Polarizers Containing Calcite. Of the many other kinds of 
polarizers that contain calcite, only a few will be mentioned here. The 
others are described in the works listed in Sec. 5.1. 

The Glazebrook polarizer resembles half of an Ahrens polarizer, 
described in Sec. 5.4; if that polarizer is divided in half by a plane 
perpendicular to the optic axis (Fig. 5.3), each half is equivalent to a 
Glazebrook polarizer. Obviously the length/width ratio (approxi 
mately 3.8) is much greater than that of the Ahrens polarizer. 

The Foucault prism is somewhat similar to the Nicol prism in that 
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the entrance and exit faces are oblique (J-18, D-10). It is similar to 
the Glan-Foucault polarizer in that an air gap, instead of Canada 
balsam, is used. The acceptance angle is small (about 8), and the 
total transmittance is low. 

The Prazmowski polarizer, sometimes called the Hartnack-Praz- 
mowski polarizer, may be thought of as a Nicol polarizer modified in 
such a way that the entrance and exit faces are perpendicular to the 
beam. 

The Clan-Thompson polarizer is much like the Glan-Foucault po 
larizer, but has a much greater length/ width ratio and a much greater 
acceptance angle, namely, about 40 (J-9). 

Other designs have been proposed by Madan (J-18, M-8), Bertrand 
(B-16), Senarmont (D-7), and Bouhet and Lafont (B-45). 

In 1931 Cotton (C-30) proposed a polarizer consisting of a single 45 
prism of calcite (Fig. 5.9). Both the 0-ray and the E-ray emerge, and 
both are deviated through large angles. 




E-ray 
i 0-ray 

FIG. 5.9. Cotton polarizer. 

In 1957 Bouriau (B-46) produced a polarizer having much resem 
blance to the Glazebrook polarizer, but employing gedamine (Sec. 5.3) 
instead of Canada balsam. 

Some designs of polarizers have employed one piece of calcite and 
one or more pieces of other material. In 1872 Talbot proposed a design 
employing one calcite prism and one glass prism; somewhat similar 
designs were proposed by Leiss in 1897 and by von Lommel in 1898 
(J-18). In 1901 von Federov designed a polarizer consisting of a calcite 
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hemisphere (with optic axis parallel to its plane face) embedded in a 
glass block having an intermediate index (J-18). In 1936 Osipov-King 
(0-4) designed an ultraviolet polarizer employing a calcite prism and 
a thin plate of silica. 

The Fuessner polarizer, invented in 1844 (F-20), employs a thin 
plate of calcite mounted obliquely between two prisms (wedges) of 
glass. The same is true of the Sang polarizer and a certain variety of 
Bertrand polarizer (J-18). West in 1948 (U.S. patent 2,447,828) in 
vented a polarizer consisting of an equilateral glass prism whose base 
is in contact with a thin plate of calcite; light enters and emerges 
through the sides; the unwanted component emerges from the calcite 
base plate. 

A few polarizers consisting mainly of sodium nitrate were made by 
Bouhet and Lafont in 1949 (B-45). Bertrand, also, has used sodium 
nitrate (J-18). The Polaroid Corporation has experimented with po 
larizers consisting of a thin sheet of birefringent organic-polymeric 
material (for instance, stretched Cronar) mounted obliquely in a glass 
box containing a liquid whose index matches the major planorefractive 
index of the sheet; thus one (polarized) component of the light is 
reflected and the other is transmitted. 

5.9. Scattering-Birefringence Polarizers. Some birefringence polar 
izers eliminate the unwanted component not by one clean deviation 
but by scattering this component in many directions. The elimination 
is not complete, since a small fraction of the scattered light is likely 
to proceed straight ahead, along with the wanted component. Never 
theless, reasonably successful polarizers of this scattering-birefringence 
type have been made. 

Some of the experimental devices made by the Polaroid Corporation 
employed myriad tiny crystals of highly birefringent material such as 
urea guanidine or caffein. The crystals were embedded in an isotropic 
plastic sheet whose index was approximately the same as one of the 
principal indices of the crystal. The polarizers were reasonably success 
ful; they had moderately large density ratios and had, of course, a 
cloudy appearance. Further details are given in patents 2,122,178, 
2,123,901, and 2,123,902 by Land. 

In 1955 Yamaguti (Y-l) prepared a polarizer consisting of a layer 
of sodium nitrate situated (in fact, grown in situ) between two plates 
of high-index glass. In the design in question, the sodium nitrate con- 
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FIG. 5.10. Yamaguti's scattering-birefringence polarizer. 

sists essentially of a single crystal whose optic axis is parallel to one 
long edge of the assembly (Fig. 5.10). The glass plates, whose index 
matches the ordinary index of the crystal, are polished on one face 
and roughened on the other, the latter being in contact with the 
crystal. When unpolarized light is incident perpendicularly on the 
three-layer sandwich, the 0-ray passes straight through, since it en 
counters no discontinuity in refractive index. The E-ray, however, 
encounters a large discontinuity and hence is scattered in all directions 
at the rough interfaces. 

5 .10. Applicability to Ultraviolet and Infrared Radiation. Nearly all 
of the polarizers discussed above are applicable throughout the visual 
range of the spectrum. Those that employ gedamine cement or use an 
air gap are useful down to about 240 m/z or even shorter wave 
lengths if the length of the polarizer is kept very small, so that absorp 
tion by the calcite remains small (B-46). 

As regards performance in the near infrared, Ellis and Bath (E-13) 
have found that a Clan-Thompson polarizer 1 in. long performs well 
from 0.7 to 3.0 JJL and from 4.4 to 4.9 /*. Kaye (K-5) reports that a 1-in. 
Nicol polarizer is useful from 0.7 to 2,35, from 2.47 to 2.52, from 2.65 
to 2.70, and from 2.80 to 2.95 JJL. Duverney and Vergnoux (D-25) 
have compared many types of infrared polarizers. 

It is apparent that birefringence polarizers are still first choice for 
use in the ultraviolet range, despite their small size, great bulk, and 
high cost. 
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6.1. Introduction. Here we discuss reflection polarizers, and also cer 
tain other types that are of occasional interest. 

A reflection polarizer may consist of a single reflecting surface (for 
example, the surface of a pond, or of a plate of black glass), a pair of 
reflecting surfaces (such as the two surfaces of a transparent glass 
plate), or a large number of surfaces, as in the pile-of -plates polarizer. 
The last-named device is of interest because both the polarizance and 
the major principal transmittance may be very high; such polarizers 
are used with great success in infrared spectrophotometry. 

The name reflection polarizer is used irrespective of whether the 
reflected beam or the transmitted beam is the one that is retained and 
used. In either case, the discrimination between two orthogonal polar 
ization forms is accomplished by a process involving reflection at an 
oblique surface. 

6.2. Polarizance of a Single Surface. When a monochromatic beam is 
incident obliquely on a smooth flat surface of glass or other dielectric 
material (Fig. 6.1), the reflected beam will be found to be partially 
linearly polarized, with the dominant vibration direction perpendicular 
to the plane of incidence (the plane containing the beam and the 
normal to the surface). The refracted beam also is partially linearly 
polarized, although to a lesser extent, ordinarily; its dominant vibra 
tion is parallel to the plane of incidence. 

The equations governing the reflection coefficients of a single surface 
of a dielectric body situated in vacuum were originally worked out by 
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FIG. 6.1. Symbols used in discussion of polarization by reflection from a glass 
plate G. 

Fresnel, and have been discussed by many authors, including Ditch- 
burn (D-10), Tuckerman (T-ll), and Jenkins and White (J-9). (If the 
dielectric body is in contact with a metallic layer, the situation is 
much more complicated; see Harrick (H-14), and other references 
listed by him.) Let $ be the angle of incidence, r the angle of refraction, 
and n the refractive index. Then if p 90 is the reflection coefficient with 
respect to linearly polarized incident light whose electric vibration is 
perpendicular to the plane of incidence, and if p is the coefficient for 
vibrations that are parallel to this plane, FresnePs equations yield: 

-r) 



^ 
P9 



sn 2 



= tan 2 (<ft r) 
~ 



(6.1) 



Figure 6.2 presents graphs of these quantities (assuming n = 1.50). 
The curve for p 9 o rises monotonicaUy, from 0.04 to 1.00. The curve 
for po is more interesting: it drops to zero when is such that 
tan 2 (<p + r ) = co y that is, when <j> = arc tan n, which occurs when the 
angle between the reflected beam and the refracted beam is 90. This 
special angle is called Brewster's angle, or the polarizing angle. When, 
for example, n has the values 1.4, 1.5, 1.6, or 2.0, Brewster's angle is 
54.5, 56.3, 58.1, or 63.4 respectively. 

If the incident beam is unpolarized, the degree of polarization V of 
the reflected beam (defined in Chapter 1) is 

y _ P90 PO. 

p90 + PO 

This quantity is zero when <p = or 90. In principle, it has the value 
1.0 when < is Brewster's angle, but in practice the value falls slightly 
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FIG. 6.2. Reflection coefficient of a single surface of a dielectric body in vacuum; 
the refractive index n is assumed to be 1.50. 

short of 1.0 for reasons relating to surface films, surface strains, and 
so forth. Also, the polarization form may correspond to a very slender 
ellipse, rather than a straight line; see Ditchburn (D-10), Laurence 
(L-15), and Mussett (M-30). When n < 2.0, the intensity of the re 
flected beam is low; but if n = 4.0, as for germanium with respect to 
infrared radiation of wavelength 2-12 ju, the intensity is approximately 
40 percent of that of the incident, unpolarized beam (Edwards and 
Bruemmer, E-7). 

The refracted beam, too, is partially linearly polarized. Since, by 
hypothesis, the body in question does not absorb, the two transmission 
coefficients are easily derived from the two reflection coefficients, and 
are (1 p ) and (1 p 90 ). 

6.3. Polarizance of a Pile-of-Plates Polarizer. To achieve high polar- 
izance and also a high transmittance in a reflection polarizer, one 
usually employs a succession of at least six dielectric plates, arranged 
in a pile, and then makes use of the transmitted beam. If the m plates 
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are parallel-sided, nonabsorbing, nonbirefringent, and nonscattering, 
if they are sufficiently thick and well separated that no harmful 
interference effects occur, and if they are mounted at Brewster's angle, 
the polarizance P of the combination is easily computed from equa 
tions due to Stokes (S-30), Wood (W-26), Provostaye and Desains 
(P-33), and Tuckerman (T-ll), and converted to consistent forms by 
Bird and Shurcliff (B-28) : 

and 

p __. w (R Q") 

m + (2n/n* - I) 2 ' 

Equation (6.2) is applicable when only the directly transmitted 
component reaches the detector, as for example when the reflected 
rays are blocked off by suitable diaphragms or slit jaws. 

Equation (6.3) applies when, in addition to the directly transmitted 
component, all the rays that have been reflected an even number of 
times reach the detector. Such rays tend to be relatively rich in the 
unwanted component, and accordingly this equation leads to polar 
izance values appreciably lower than those given by Eq. (6.2). Con 
sider, for example, a six-plate (twelve- surf ace) silver chloride polar 
izer. Here m = 6 and (for 2-ju light) n = 2.006. Inserting these values 
in Eqs. (6.2) and (6.3) one obtains polarizances of 99.0 and 77.3 
percent respectively (B-28). 

In practice, neither equation represents an absolute limit. The po 
larizance may be even greater than implied by Eq. (6.2) if all normal 
precautions are taken and if, in addition, the angle of incidence slightly 
exceeds the Brewster angle (S-30, W-26, B-28). On the other hand, the 
polarizance may be even less than implied by Eq. (6.3) if dust, bire 
fringence effects, and so forth are present. Charney (C-13) has pointed 
out the complications that arise, in measuring dichroic ratios of 
oriented polymers, if the polarizer's polarizance is appreciably less 
than unity. 

A "zero-displacement" design that assists the rejection of reflected 
rays has been explored by Makas and Shurcliff (M-9). Instead of 
arranging the six plates in a single stack, as in Fig. 6.30, they arranged 
them in two oppositely sloping groups of three plates each, as in 
Fig. 6.3J. Besides eliminating a majority of the reflected rays, this 
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FIG. 6.3. Designs of a six-plate polarizer: (a) plates arranged in a single group; 
(6) plates arranged in two groups; (c) two groups of plates that are wedged and 
fanned. 

scheme avoids displacement of the emerging beam with respect to the 
incident beam and thus makes it practical to use plates that are 
comfortably thick, so that commercially available plates may be used 
without change. (Efforts to reduce the thickness tend to produce bire 
fringence and cloudiness, and make the plates less flat and less rugged.) 
A more refined scheme, proposed by Bird and Shurcliff (B-28), is 
indicated in Fig. 6.3c. Here the individual plate is very slightly wedge- 
shaped (angle about 1), and each group of plates is "fanned" slightly. 
As a consequence, virtually none of the reflected rays follows the same 
path as the main transmitted beam. 

6.4. Examples of Reflection Polarizers. Several investigators have ex 
perimented with pile-of-plates polarizers for use in the near infrared 
region (N-2, W-29, M-9, B-28). Usually, silver chloride plates are 
used (Kremers, K-18) and the polarizer may be used throughout the 
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infrared range from about 1 JJL to 20 ju. Typical designs provide a 
polarizance of perhaps 85 to 95 percent, but when special precautions 
are taken (M-9, B-28) a polarizance of 99 or even 99.5 percent may 
be achieved. To measure such a high polarizance is difficult, as ex 
plained by Bird and Shurcliff (B-28). In a sense, the polarizer consists 
of the combination of oblique plates and the various slits, diaphragms, 
and so forth, that are present in the optical system and block some 
fraction of the unwanted rays that would tend to degrade the polar 
izance. To cross this bulky combination with another similar combi 
nation would be very difficult. 

Silver chloride polarizers usually exhibit some scattering, and hence 
have low transmittance and low polarizance for short-wavelength 
light, that is, visible light. Also, the silver chloride plates are subject 
to photolysis and hence must be protected from intense actinic light. 

In some instances, very thin (1-5-ju) films of selenium have been 
used in infrared polarizers (P-15, E-8, C-25, C-26). Such thinness 
insures that deviation effects and interference effects will be negligible. 
Polarizance as high as 99.7 percent has been claimed for an experi 
mentally produced polarizer due to Conn and Eaton (C-25, C-26, 
B-56); 96 percent polarizance is claimed for a unit produced com 
mercially by Hilger and Watts, Ltd. 

Various other materials, such as calcium fluoride and KRS-5, may 
be used in infrared polarizers (Lagemann and Miller, L-l). Elliott 
et al. (E-8, E-9) have used alternate layers of thallium iodide and 
sodium fluoride, whose indices are 2.5 and 1.3 respectively. Harrick 
(H-15) achieved a very high degree of polarization (approximately 
99 percent) by employing two successive reflections from a germanium- 
mercury interface. Mitsuishi et al. (M-23) have found that a polarizer 
consisting of 15 layers of thin polyethylene film performs well in the 
range from 3 to 200 p. 

Visual-range polarizers may employ glass or various organic poly 
mers. A polarizance of 95 percent is easily achieved with a fanned 
stack of 15 microscope slides. Ultraviolet polarizers may consist of 
vycor, fused silica, or quartz. 

Useful polarizers having only two reflecting surfaces have been 
made. In 1831 Norrenberg built a polarizer consisting of two parallel, 
widely separated plates of black glass; the beam encountered the first 
plate at Brewster's angle, and the reflected component then en 
countered a second plate mounted parallel to the first (P-10). In 1948 
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Pfund employed an infrared polarizer consisting of two plates of 
selenium (P-15); recently, Edwards and Bruemmer have demon 
strated the superiority of two plates of germanium (E-7). Meier and 
Giinthard (M-17) also have demonstrated the effectiveness of polar 
izers employing germanium. 

Even x-rays can be polarized to a high degree by a reflection method. 
In 1956 Chandrasekaran (C-ll), using Bragg reflection at 45, achieved 
a degree of polarization of 99.8 percent. Excellent results were obtained 
also by George (G-5). 

6.5. Scattering Polarizers. Dust particles, the molecules of a gas, and 
even the atoms of a perfect crystal can produce polarization by means 
of scattering. The scattering produced by a volume of gas is, of course, 
slight; the intensity is proportional to 1/X 4 , as explained by Rayleigh. 
The degree of polarization may be large; indeed, if the scattering ma 
terial is a gas, if the light examined is the light that is scattered 
through 90, and if the experiment is designed so that little multiple 
scattering occurs, the degree of polarization may be as great as 99.5 
percent (D-10). For large molecules such as N 2 and CO 2 , the polar 
ization may amount to 90 to 96 percent. For highly polar molecules, 
and for dust or other relatively large particles, it may be very small. 

The dominant vibration direction in the scattered beam is, of course, 
the direction that is perpendicular to the incident beam and to the 
scattered beam in question (Fig. 6.4). Thus if the initial unpolarized 
beam B is propagating horizontally, a ray SH that is scattered at 90 
in a horizontal plane has a vibration direction that is vertical, and a 
ray S v that is scattered vertically has a horizontal vibration direction. 

The theory of scattering, as by the atmosphere, has been studied 
at length by Chandrasekhar (C-8), Chandrasekhar and Elbert (C-10), 
van de Hulst (V-l), Lenoble (L-18), and Kuscer and Ribaric (K-23). 
The experimental work on the polarization of skylight by scattering 
has been summarized by Sekera (S-8) and Chandrasekhar and Elbert 
(C-10). Recent measurements made at many different wavelengths 
(including ultraviolet) and at different times of day, from sunrise to 
sunset, have been reported by Coulson, Sekera, and others (C-31). 

Scattering methods may be used to polarize x-rays and gamma-rays. 
In experiments made by McMaster and Hereford (M-4), a radiocobalt 
source emitted 1.1- and 1.3-Mev photons which were then subjected 
to Compton scattering by a small block of copper. The radiation 
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FIG. 6.4. Snapshot patterns of the rays Sh and S v scattered at 90 from the inci 
dent, unpolarized beam B. 

scattered at 45 was isolated by means of a pinhole diaphragm of lead, 
and was found to be highly polarized. Means of detecting and measur 
ing the polarization have been described by McMaster and Hereford. 

6.6. Polarization Produced by Slits and Gratings. If unpolarized light 
strikes a metal plate in which there is a long slender slit, the light that 
passes through the slit is partially linearly polarized. Thiessen (T-4) 
found that if the metal plate is relatively thick the electric vector of 
the transmitted light tends to be parallel to the slit and the degree of 
polarization is greater the narrower the slit and the longer the wave 
length. The subject has been analyzed by Jones and Richards (J-34) 
also. 

A transmission grating made from fine, closely spaced metallic wires 
may serve as a good polarizer for light of wavelength large relative to 
the spacing of the wires, according to du Bois and Rubens (D-20). 
Trentini (T-9) has conducted experiments involving two such gratings. 
Specific designs of wire-grating polarizers are described in the 1940 
and 1942 patents 2,224,214 and 2,287,598 by C. H. Brown; the manu- 
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facturing process involves stretching wires embedded in a hot, trans 
parent matrix such as glass until the diameter of the wire is reduced 
to less than 0.5 JJL. In 1960 Bird and Parrish (B-27) produced wire 
gratings having extremely fine spacing, namely 0.5 /z. The polarizance 
of these gratings in the infrared range from 2 to 15 fj, was very high 
and in the visual range was far from negligible. Constructing wire 
gratings suitable for use with, say, 3-cm radio waves is very simple; 
kits capable of appraising the polarization are manufactured by Cen 
tral Scientific Company and Baird-Atomic, Inc. 

Madden (M-7) has shown that ordinary reflection gratings, such as 
are used in visual-range spectroscopy, have polarizing properties. 
Meecham and Peters (M-16) have found that reflection echelette 
gratings designed for use with 3.2-cm waves exhibit polarizance that 
is in good accord with the predicted values. 



RETARDERS AND 
CIRCULAR POLARIZERS 



7.1. Introduction. Retarders, also called retardation plates, wave 
plates, and phase shifters, are polarization-form converters. Any polar 
ization form can be converted to any other form by means of a suitable 
retarder. In principle the conversion is 100-percent efficient: there is 
no decrease in intensity and no increase in entropy flux. In practice 
the performance comes surprisingly close to this ideal. Retarders are 
used (in conjunction with linear polarizers) in the production of 
circularly and elliptically polarized light. They are used also in the 
analysis of such light; this is true, for example, in the technology 
known as photoelastic analysis (Sec. 10.8). 

Various naturally occurring bodies act as retarders; by investigat 
ing the retardance of such a body, one may learn much about its 
structure. This is true of many kinds of crystals, various kinds of 
polymeric fibers and sheets, strained glass, and so forth. 

It is clear, then, that the study of retarders is intimately tied up 
with the design and manufacture of certain types of polarizers, with 
the analysis of polarized light, and with the structural analysis of 
various transparent bodies. Consequently retarders deserve much at 
tention in a book dealing with polarized light and polarizers. 

7.2. Definition of a Retarder. A retarder may be defined as an optical 
element that, without appreciably altering the intensity or degree of 
polarization of a polarized monochromatic beam, resolves the beam 
into two components, retards the phase of one relative to the other, 
and reunites the two components, thus forming a single beam. An 
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equivalent definition is the following: a retarder is an optical element 
that conserves the polarization forms of incident beams having either 
of two particular polarization forms but alters the polarization forms 
of other types of beams. The two polarization forms that are conserved 
are characterized by the eigenvectors of the retarder. Depending on 
whether they are linear, circular, or elliptical, the retarder is called a 
linear, circular, or elliptical retarder. (Many authors refer to a circular 
retarder as an optically active device, or as a rotator.} 

The eigenvector associated with the smaller refractive index (greater 
speed of propagation) may be called the fast eigenvector, and is the 
eigenvector that is emphasized in this book. The other eigenvector may 
be called the slow eigenvector. The two eigenvectors of any ideal 
homogeneous retarder are, of course, orthogonal. 

Obviously, linear and circular retarders may be regarded as special 
cases of elliptical retarders. 

A retarder that produces the same phase change irrespective of the 
wavelength of the light is called achromatic. Most retarders produce 
greater phase change for light of shorter wavelength (Sec. 7.7) and 
are called chromatic. 

A retarder may consist of one layer or several separate layers. In 
some instances the separate layers are of one class and the combination 
acts as a retarder of a different class; such a combination may be 
called a transcendent retarder. For example, a certain stack of linear 
retarders may act as a circular retarder (Sec. 7.9); thus the combina 
tion is transcendent. 

7.8. Optical Mechanisms Employed. Most retarders are of birefrin 
gence type or reflection type. A typical birefringence retarder consists 
of a single plate of quartz or calcite cut parallel to the optic axis, or a 
single plate of mica, a sheet of oriented cellophane, or a sheet of ori 
ented polyvinyl alcohol. A stressed plate of glass is another example. 

An aqueous solution of dextrose is a birefringence retarder, although 
in this instance circular birefringence is involved. A volume of air 
pervaded by a magnetic field parallel to the direction of propagation 
is another example of a birefringence circular retarder. 

Reflection retarders rely on total internal (oblique) reflection. (In 
teresting effects are, of course, produced by reflecting a beam ex 
ternally, obliquely, from a dielectric plate; but a plate used in this 
manner exhibits polarizance, and cannot be called a retarder.) The 
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Fresnel rhomb and Mooney rhomb, discussed in Sec. 7.7, are well- 
known reflection retarders. 

Investigators working with microwaves or radio waves may employ 
retarders consisting of arrays of metallic wires, rods, or plates. 

74. Definition of Retardance. The essential action of a retarder is to 
divide the incident beam into two orthogonally polarized components, 
retard one relative to the other, then recombine the two components 
to form a single emerging beam. The extent to which one component 
is retarded relative to the other is called the retardance 5 (often called 
retardation). Note that retardance is a measure of the relative change in 
phase, not the absolute change ; the birefringence of a typical retarder 
plate is small, and consequently the absolute change in phase caused 
by interposing the plate may be hundreds of times greater than the 
(relative) retardance. Note also that retardance is the magnitude of 
the relative change, and hence is always positive. Note, finally, that 
retardance is a constant of the body (assuming that we deal only with 
perpendicularly incident light of given wavelength) and hence is hide- 
pendent of the polarization form of the incident beam. 

If the retardance is expressed in terms of cycles, the symbol <5 C may 
be used. If it is expressed hi terms or degrees of phase angle, the symbol 
<5 deg may be used. Obviously 5d eg = 360 5 C . The most commonly used 
retarders are linear retarders having a retardance of 90 and 180; 
these are often called quarter-wave plates and half -wave plates. 

Sometimes it is convenient to speak of the pathlength difference T. 
This is the distance between corresponding wave fronts in the two 
emerging components, assuming that these are now traveling in 
vacuum. The distance is usually expressed in terms of millimicrons 
(mju). If A is the wavelength in vacuum, then F = A<5 C . The importance 
of the quantity P stems from the fact that the retardance 6 C of many 
typical bodies varies roughly as I/A, and accordingly the pathlength 
difference F of such a body is approximately independent of wave 
length. 

Retardance is, of course, an extensive parameter of the retarder. The 
retardance of a birefringent plate that is mounted perpendicular to a 
beam of monochromatic light is the product of the planobirefringence 
J p (denned in Sec. 5.2) and the ratio of thickness t to vacuum wave 
length \ : 
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It should be noted that the path directions usually do not need to 
be considered. Usually the beam is normal to the plate, and conse 
quently the two sets of wave fronts within the plate are parallel to the 
entrance face and each set has the same wave-normal direction; thus 
only one section of the refraction indicatrix needs to be considered 
and all the pertinent information on difference in speed is contained 
in J p . The pathlength measured along the normal is the same for both 
components, and is simply the thickness t. In summary, the whole 
story of retardance is given by the quantities J p , t, and \ v . (If, how 
ever, the plate is tilted slightly, the two sets of wave fronts within 
the plate have slightly different wave-normal directions. Two different 
sections of the indicatrix must be considered. Furthermore, the lengths 
of the two wave-normal segments within the plate are different. Thus 
the computation of the retardance becomes more difficult in several 
respects.) 

7.5. Performance Parameters of a Retarder. To describe a linear re- 
tarder one states the retardance 5 and the azimuth p of the fast axis. 
(The definition of fast axis is presented in Sec. 5.2.) Azimuth may be 
defined with respect to a beam traveling horizontally along the posi 
tive Z-axis; the light source is assumed to be at the origin and the 
observer is assumed to be far out on the positive Z-axis looking toward 
the retarder and the light source. The azimuth of the retarder is the 
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FIG. 7.1. Azimuth p (20 in this example) of the fast axis F of a linear retarder 
situated in a beam traveling horizontally along the positive Z-axis. 
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angle between fast axis and the X-axis, the angle being measured 
counterclockwise from the X-axis, as indicated in Fig. 7.1. (If the 
retardance is expressed as a phase angle, the investigator finds himself 
dealing with two kinds of angles: the azimuth angle p in real space 
and the phase angle 6 in an abstract space. The temptation to confuse 
these angles must be resisted.) Alternatively, the azimuth may be 
indicated by means of the Poincare-sphere representation of the fast 
eigenvector of the retarder. The pertinent point lies on the equator 
and, in the terminology of Chapter 2, is specified by an angle 2\ such 
that 2X = 2p. Note that the retardance cannot be specified statically on 
the sphere; rather, it governs the angular extent of the rotation to be 
employed, as explained in Sec. 7.6. 

When using the Mueller calculus, one describes the linear retarder 
by means of a 4 X 4 matrix. The derivation of the matrices is given in 
Chapter 8, and a detailed list appears in Appendix 2. The matrices 
bear a resemblance to the rotator matrices commonly used in trans 
formations among nonparallel sets of cartesian coordinates. The resem 
blance is to be expected in view of the relation (Chapter 2) between 
the Stokes parameters and the Poincare-sphere representation. The 
rotation matrices are the algebraic counterparts of the geometric 
operations of rotating the sphere. 

Instead of specifying the Mueller matrix, one may specify (a) the 
fast eigenvector in terms of its Stokes vector and (6) the retardance. 
However, specification in terms of the Mueller matrix usually is more 
fruitful, as explained in Chapter 8. 

When using the Jones calculus, one describes the retarder by means 
of a 2 X 2 matrix; see Chapter 8 and Appendix 2. If the retarder is of 
homogeneous type one may specify (a) the fast eigenvector in terms 
of the Jones vector and (6) the retardance. 

To specify a circular retarder, one indicates the handedness and the 
retardance. In this book the handedness is taken as that of the fast 
eigenvector; thus the handedness is right if right-circularly polarized 
light is governed by the smaller index and hence is propagated at 
greater speed. It is easily shown that this definition implies that a 
n'g^-circular retarder is one that causes the vibration direction of a 
linearly polarized beam to be turned clockwise as judged by an observer 
situated far out along the Z-axis and looking toward the retarder and 
the lamp beyond; the vibration direction is turned clockwise by a 
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rotation angle f that is equal to half the retardance; that is, |f | = J5. 
Alternatively, one may describe the retarder in terms of its Mueller 
matrix or Jones matrix. 

To describe an elliptical retarder, one may state the retardance and 
the fast eigenvector. The eigenvector may be specified in terms of 
ellipticity, handedness, and azimuth p, or it may be specified in terms 
of the Poincare sphere, the Stokes vector, or the Jones vector. Mat 
rices, also, may be used. 

7.6. Predicting the Effect of a Retarder. The effect of a retarder on a 
beam of linearly polarized light can be predicted by naive graphical 
means, by recourse to the Poincare sphere, or by use of the Mueller 
calculus or the Jones calculus. The naive graphical method, although 
usually quite cumbersome and not to be recommended, deserves brief 
mention because of its historical importance and its direct and obvious 
relation to the electromagnetic theory. 

To find, by graphical means, the effect of a linear retarder on a 
linearly polarized beam, one considers the electric vector PI that 
characterizes the beam at some arbitrary instant t\ and at the location 
where the beam enters the retarder, then determines the corresponding 
vector PI of the beam emerging from the retarder. One repeats the 
process for various other instants fe, 4, . . . until enough vectors of 
the emerging beam have been found that one can draw a smooth curve 
through the tips of the vectors and thus obtain the ellipse that repre 
sents the polarization form of the emerging beam. 

Figure 7.2 illustrates the application of the method to a linear re 
tarder having a retardance of 45 and a fast axis at 20 to the horizon 
tal. The incident beam is assumed to be horizontally polarized. The 
figure shows how, using ruler, compass, and protractor, one finds the 
point P r of the emerging beam's (elliptical) sectional pattern that cor 
responds to point P of the incident beam's (linear) pattern. The 
arbitrary instant is assumed to be such that P corresponds to the 
maximum displacement to the right. One starts by projecting OP 
onto the fast and slow axes, to obtain OU and 0V respectively. For 
simplicity, one considers 0V ", the projection on the fast axis, as being 
transmitted without phase change, and finds the extent to which OF, 
the projection on the slow axis, is changed by the relative retardance 
5. This is done by drawing a circle with radius OF, drawing a radial 
line r at an angle equal to the retardance (8 = 45), and projecting r 
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onto the slow axis to obtain OF'. By drawing the resultant of OU 
and OF' one arrives at OP' . The point P f is one point on the ellipse. 
Because of the symmetry that the ellipse must exhibit, a corresponding 
point P ft may be marked without further computation. 




FIG. 7.2. Diagram used in finding the effect of a 45 linear retarder at 20 on a 
beam of horizontally linearly polarized light; FF and SS 1 denote the fast and slow 
axes of the retarder; P represents the instantaneous vector of the incident beam 
and P f represents the corresponding vector of the emerging beam. 

A second pair of points on the ellipse may be found by assuming that, 
in the original projection of OP, the component on the slow axis is 
unchanged in phase and the component on the fast axis is altered (by 
the angle 45). One constructs a circle with OU as radius, draws a 
radius vector rotated 45 from the direction of the segment OU, pro 
jects this onto the fast axis, and again constructs the pertinent re 
sultant. 

A third pair of points may be found by employing the original pro 
jections OU and OF, constructing circles corresponding to each, con 
structing a radius vector for each, rotating these through angles A 
and A + 5, projecting these onto the respective axes, and finding the 
resultants of these projections. For each arbitrary choice of A (for 
example, 90, 90, 45, 45), one arrives at a new point on the 
ellipse, or a new pair of points if advantage is taken of symmetry. 
Three or four pairs of points may suffice, if the investigator wishes to 
find merely the approximate shape and azimuth of the ellipse. 
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FIG. 7.3. Elliptical polarization forms that result when a linear retarder is inserted 
in a beam of horizontally polarized light. The broken line indicates the fast axis 
of the retarder. 



RETARDERS AND CIRCULAR POLARIZERS 95 

Figure 7.3 shows the variety of ellipses that result from inserting a 
linear retarder in a beam of horizontally polarized light, assuming that 
the fast axis of the retarder is at p = 20 and the retardance 6 deg has 
a variety of values ranging from to 180. Obviously, the eUipticity 
is greatest when S deg = 90. The azimuth of the major axis of the 
ellipse is a maximum when de g = 180 (it is then equal to twice 20, 
or 40). All of the ellipses are right-handed, but become left-handed if 
the retarder is turned so that the slow axis has the position formerly 
occupied by the fast axis. 

Figure 7.4 shows the ellipses that result when the retardance is held 
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FIG. 7.4. Elliptical polarization forms that result when a 90 linear retarder with 
fast axis at various azimuths p is inserted in a horizontally polarized beam. 

constant at 90 and the azimuth p of the fast axis has various values 
from 90 to +90. The resulting figure is a circle when p = 45; the 
handedness is right when 90 > p > and left when -90 < p < 0. 

When the incident beam is elliptically polarized, and especially 
when an elliptical retarder is included, the use of the naive graphical 
method is to be discouraged. Rather, the more modern methods, dis 
cussed in the following sections, should be used. 

Poincare-Sphere Method. The preferred method of predicting the 
effect of a retarder on a beam of polarized light is to employ the 
Poincare sphere; see Chapter 2, and also a detailed explanation by 
Ramachandran and Ramaseshan (R-28). The method is simplicity 
itself. One marks the point P that describes the polarization form of 
the incident beam, and rotates the sphere about the appropriate axis 
and through the appropriate angle. The new location of point P 
(relative to the original sphere) characterizes the polarization of the 
emerging beam. 

As axis of rotation one employs the radius vector from the center of 
the sphere to the point R that describes the fast eigenvector of the 
retarder. One rotates the sphere through an angle equal to the re 
tardance <5de g (which has been defined so as to be always positive). 
The sense of rotation is always the sense that appears clockwise to an 
observer situated far out on the (extended) radius vector. 
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The rotation may be carried out on an actual sphere, or on graph 
paper suited to stereographic projection. Suitable spheres, provided 
with degree scales, have been described by Jerrard (J-14) and Koester 
(K-12); special graph paper of "Wulff-net" type has been described 
by Hartshorne and Stuart (H-16) and employed successfully by 
Koester (K-12) (such paper is obtainable from the University of 
Toronto Press). A free-hand perspective sketch of the sphere (Fig. 7.5) 
will often suffice for qualitative purposes. 




FIG. 7.5. Use of the Poincare sphere in predicting the effect of a 90 linear re- 
tarder R (with fast axis at 22.5) on a linearly polarized beam P (with vibration 
direction at 45). 

As an illustration of the method, consider a beam of light that is 
linearly polarized at 45, as suggested by point P in Fig. 7.5, and sup 
pose that the beam encounters a linear retarder whose retardance is 
90 and whose fast axis is at 22.5 as indicated by R. Then the perti 
nent rotation is indicated by the right-handed quadrantal arc that 
starts at P and is generated by a rotation about the radius vector 
through R. The end point P r is the answer : it indicates the polarization 
form of the emerging beam. Clearly the beam is left-elliptically polar- 
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ized (because P r lies in the upper hemisphere) ; the major axis is at 
22.5 (because P f lies on the same meridian as R, namely the meridian 
for which 2X = 45); the ellipticity is tan 22.5 = 0.4142 (because 
2co = -45, and hence co| = 22.5). 

If the linearly polarized incident beam were to have a vibration di 
rection that differs by 45 from the 90 retarder's fast axis, the end 
point of the arc would necessarily be at a pole; hence the use of 90 
retarders in converting linearly polarized light to circularly polarized 
light. 

If, in Fig. 7.5, the retardance were 180, the arc would be a semi 
circle and the end point would be found at JJ, representing horizontally 
polarized light. If the arc were extended to form a complete circle, 
the various points on the arc would represent every possible outcome 
from inserting (in the given beam) a linear retarder having every 
possible value of retardance (and having the given azimuth of fast 
axis). 

If the retarder is of right- circular type, the point R coincides with 
the lower pole of the sphere and the rotation is performed about the 
radius vector passing through that pole. The resulting arcs are all 
parallel to the equator, showing that if the incident beam is right- 
elliptically polarized the emerging beam w T ill also be right-elliptically 
polarized and with the same ellipticity. Changing the retardance of a 
circular retarder changes only the azimuth of the major semiaxis of 
the emerging beam. 

In general, the Poincare-sphere representation is useful not merely 
in carrying out a problem involving polarized light and retarders but 
also m formulating the problem thinking about it and talking about 
it. Various puzzling problems become clear once the investigator trans 
lates the problem into the graphic, maximum-brevity language of the 
Poincare sphere. 

In general, any polarization form PI can be converted to any other 
form P 2 by finding (on the sphere) a point R midway between them, 
then inserting in the beam PI a 180 retarder whose fast eigenvector 
corresponds to R. If both PI and P 2 indicate linear (and nonorthogonal) 
forms, the required linear retarder is a 180 retarder and its fast axis 
must bisect the angle between the vibration directions implied by PI 
and P 2 . (Whether the fast axis or the slow axis bisects the angle is 
immaterial; any two points Pi and Pi are, of course, connected by two 
arcs of a great circle a short arc and a long arc; the midpoint of 
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either represents a solution for R, and these two solutions correspond 
to having the fast axis or the slow axis bisect the angle in question. 
Stated differently: the fast axis of the retarder may bisect either the 
acute or the obtuse angle between Pi and P 2 .) 

If a train of, say, three retarders is used, three rotations must be 
performed in succession, about the radius vectors through the three 
points Ri, R* 7 and Rs (Fig. 7.6). The rotations are described by three 




FIG. 7.6. Use of the Poincare" sphere in finding the result of interposing a train 
of three elliptical retarders in a beam of elliptically polarized light. 

arcs, each connected to the next. The properties of the finally emerging 
beam Pd ore determined without need for pausing and interpreting the 
intermediate outcomes Pb and P c . 

Other Methods. The Mueller calculus may be used to advantage in 
many instances and the same is true of the Jones calculus. The proce 
dure is to write down the vector representation of the incident beam, 
write down the matrix of the retarder, and multiply the vector by the 
matrix. If, say, a train of three retarders is involved, three matrices 
are required, and three multiplications are needed. The procedures are 
explained in detail in Chapter 8. 

Partially Polarized Light. So far we have been considering the 
action of a retarder on a beam of completely polarized light. Happily, 
no other type needs any detailed consideration. A retarder has no 
significant effect on unpolarized light; and since any partially polar- 
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ized beam can be resolved (mentally) into a completely polarized 
beam and an unpolarized beam, one merely treats the former by any 
of the methods discussed above and regards the latter as being un 
changed. 

7.7. Cliromalic Linear Retarders. As examples of chromatic retarders, 
thin plates of calcite, mica, or quartz may be mentioned. The piano- 
birefringence J p of a section of calcite cut parallel to the optic axis is 
0.172 for sodium light; accordingly, the thickness of a 90 retarder of 
calcite is 870 m/x, by Eq. (7.1). To fabricate such thin plates is very 
difficult. The fabrication is simplified by employing a material having 
smaller planobirefringence. Mica, in the form of fluophlogopite, 
muscovite, or biotite, performs excellently, and thin sections are easily 
produced by cleavage. The cleavage operation is made more manage 
able if the mica is immersed in water and is cleaved slowly. The visi 
bility of the operation is improved if the mica is situated between 
crossed polarizers; detailed procedures are described by Jerrard (J-13) 
and Dobrowolski (D-13). Nearly any desired thickness can be achieved 
by trial and error; the typical planobirefringence is 0.004, and ac 
cordingly a section 50 JJL thick provides approximately 90 retardance 
for sodium light. 

Quartz, also, is used in high-quality linear retarders. The section is 
cut parallel to the optic axis (otherwise elliptical or circular bire 
fringence is exhibited). The planobirefringence of such a section is 
about 0.009, and accordingly a section about 15 ju thick provides (for 
sodium light) a retardance of about 90. 

Besides crystals, sheets of oriented organic polymers may be used. 
A sheet of polyvinyl alcohol, if warmed and unidirectionally stretched, 
constitutes an excellent retarder. The method of preparation has been 
described in papers by Land and West (L-8) and by West and Makas 
(W-20), in various patents by Land, and in West's patent 2,441,049. 
Ordinarily the value of over-all birefringence achieved is somewhat 
less than 0.01, but in extreme cases (axial ratio exceeding 5) values 
of about 0.03 or even 0.034 have been realized (L-8); the two indices 
are then about 1.560 and 1.526. The planobirefringence is of parallel 
type; that is, the slow axis is parallel to the stretch direction. In many 
of the commercially produced retarders that consist of polyvinyl 
alcohol, a modest value of planobirefringence is employed; the thick 
ness of a 90 retarder is of the order of 20 /i. Section 7.10 discusses the 
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application of such retarders to the manufacture of circular polarizers. 

Mylar sheets, as produced commercially, exhibit some planobire- 
fringence; but if a slender strip of the material is warmed and stretched, 
a planobirefringence as great as 0.2 may be achieved. Such a material 
is well suited to the production of retarders having, say, 10 or 20 
cycles of retardance and hence useful in pseudodepolarizers (discussed 
in Sec. 7.12). Oriented nylon sheet, also, may be employed; such ma 
terial has recently become commercially available. 

Cellulose acetate butyrate, if stretched, exhibits planobirefringence. 
The relation between planobirefringence, directions of the principal 
axes of refraction, temperature of the specimen during the stretching 
operation, and time rate of stretching has been investigated by 
McNally and Sheppard (M-6) and by West and Makas (W-20), and 
a number of anomalies have been found. The effect of plasticizer has 
been investigated also. Curiously enough, certain stretched sheets 
may exhibit no planobirefringence near 550 m^u but much planobire 
fringence near 400 and 700 m/x, and the class of the planobirefringence 
(that is, whether of parallel or perpendicular type) may be opposite 
at these two wavelengths. 

Stretched sheets of cellulose nitrate, studied by West and Makas 
(W-20), have unusual properties. If the extent of stretching is such 
that the axial ratio is about 2 or 2.5, the retardance d c may be greater 
for 700-mju light than for 400-m// light. Accordingly, this material 
has been found useful in the production of achromatic retarders, by 
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FIG. 7.7. Designs of (a) the Fresnel rhomb (n 
Mooney rhomb (n = 1.65,0 = 60). 



1.51,0 = 54.6) and (b) the 
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compensating the chromatism of a more typical material (see Sec. 7.8). 

Many other polymeric materials may, of course, be used as re- 
tarders. Commercially produced cellophane often has a retardance 
(Fahy, F-2) of 90 to 180 and the same applies to "Scotch" tape. 

The Fresnel rhomb (Fig. 7.7a) is a specially-shaped rhomb of glass 
that totally internally reflects the beam twice, and achieves a re 
tardance of 90. If the index is 1.51, the angle of each apex of the rhomb 
should be approximately 54.6 (J-9); the exact optimum choice of 
angle must be determined by trial and error, according to Ditchburn 
(D-10), if small and unpredictable phase changes at the entrance and 
exit surfaces are to be taken into account. If the incident beam strikes 
the rhomb obliquely, instead of along the normal, a different value of 
retardance results. 

A rhomb described in 1952 by Mooney (M-24) has an index of 1.650 
and employs 60 angles (Fig. 7.7b). It has the disadvantage of produc 
ing an emerging beam that is aimed obliquely backward, but the 
advantage of much smaller obliquity effects, so that beams of greater 
angular spread may be used. 

Retarders suitable for use in the ultraviolet range have been dis 
cussed by McDermott and Novick (M-l); polyvinyl alcohol films, 
thin sheets of mica, and thin plates of quartz may be used. 

7.8. Achromatic Linear Retarders. Whether a retarder is chromatic 
or achromatic is of little consequence in applications where the light 
employed is monochromatic and the retarder has been designed for 
the particular wavelength in question. However, a retarder to be used 
with white light should be of achromatic type; otherwise the retard 
ance de g will be different for different wavelengths and the outcome 
of the operation will be complicated. (In some instances, and in the 
hands of an experienced investigator, advantage may be taken of the 
retarder's chromatism; see Chapters 9 and 10.) 

The Fresnel rhomb is nearly achromatic, but has obvious drawbacks 
as regards bulk, deviation, and cost. Accordingly, efforts have been 
made to develop sheet-type achromatic retarders. Some of these efforts 
have been described by West and Makas (W-20); see also West's 
patent 2,441,049. A fair degree of success may be achieved by using a 
series combination of a stretched sheet of cellulose acetate and a 
stretched sheet of cellulose nitrate; the two sheets are mounted with 
their respective fast axes crossed, so that the normal type of chro- 
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matism of the cellulose acetate is countered by the abnormal type of 
chromatism of the cellulose nitrate. However, such a combination 
presents questions as to stability, and the cellulose nitrate may con 
stitute a fire hazard. 

In 1955 Pancharatnam (P-l) proposed a novel kind of achromatic 
90 retarder. It consists of three layers, all of the same material mica, 
for example. Layers 1 and 2 have 180 retar dance for 589-mju light; 
layer 3 has 90 retar dance. The slow axes of the three layers make 
angles of 652', 3432', and 10021' with some reference direction (the 
direction of vibration of an incident beam of linearly polarized light 
that is to be converted to circularly polarized light). Such a system is 
almost perfectly achromatic from 400 to 780 mju. 

Later Pancharatnam proposed a slightly different design (P-2). 
Layers 1 and 3 have 11542' retardance and their slow axes are parallel. 
Layer 2, situated between them and oriented at 6954', has a retard 
ance of 180. The combination is nearly achromatic from 410 to 
680 m/z. 

In 1959 Koester (K-12) described some slightly different designs of 
achromatic retarder s of multilayer type. 

Lostis (L-26) has employed a nearly achromatic 180 retarder that 
entails total internal reflection from an oblique, specially coated sur 
face. The variation in retardance throughout the visual range does 
not exceed 4 percent. 

7.9. Circular Retarders. A basal section of quartz is a typical exam 
ple of a circular retarder. Whereas a section cut parallel to the optic 
axis is a linear retarder, a section cut perpendicular to this axis is a 
circular retarder; an oblique section is an elliptical retarder. The 
variation of retardance with wavelength has been discussed by Hurlbut 
and Rosenfeld (H-39); see also C-9, and American Institute of Physics 
Handbook, Sec. 6, p. 98. Depending on the type of quartz crystal em 
ployed, the handedness of the retarder may be right or left. Many 
other crystals also, when suitably sectioned, exhibit circular retard 
ance or elliptical retardance. 

Various pure liquids, such as turpentine, exhibit circular retardance. 
The same is true of various liquid solutions, such as an aqueous solu 
tion of dextrose (Sec. 10.5). Even a pure gas may exhibit circular 
birefringence, if the gas is pervaded by a magnetic field (Sec. 10.7). 

The combination of two 180 linear retarders oriented with fast 
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axes at 45 to one another acts as a 90 circular retarder. This may be 
demonstrated experimentally, or may be proved by multiplying the 
appropriate Mueller or Jones matrices of the two linear retarders and 
observing that the product is identical to the matrix of a 90 circular 
retarder (Sec. 8.4). The combination in question is called a transcend 
ent retarder. Jones has shown that a skewed series of n linear retarders 
is equivalent to a circular retarder, and experimental confirmation of 
this has been provided by Dawson and Young (D-3). 

7.10. Use of Retarders in Producing Circularly Polarized Light. Con 
ceivably, one could make a practical (circular) polarizer out of a 
material that exhibits circular dichroism; see Bruhat (B-53, B-55) 
and Cotton (C-29). An easier method, however, is to use a series 
combination of a linear polarizer whose transmission axis is at some 
azimuth 6 and a 90 linear retarder whose fast axis is at azimuth 
8 db 45. As explained in Sec. 7.6, such a combination produces circu 
larly polarized light. 

Many investigators who require circularly polarized light arrange 
their own combination of linear polarizer and linear retarder. The 
polarizer may be of birefringence, dichroic, or other type, and the 
retarder may, for example, be of mica. However, the commonest type 
of circular polarizer is the CP-HN polarizer (see Land's patents 
2,018,963 and 2,099,694), which consists of a sheet of HN-35 (or other 
HN polarizer) and a sheet of stretched polyvinyl alcohol. The latter 
has been stretched so as to have a retardance of approximately 90 
for 550 or 560 mju; it is laminated to the linear polarizer at an angle of 
45. If desired, the combination may be laminated between protective 
covers of organic polymeric material or glass. 

Such a polarizer may be of either handedness, depending on whether 
the retarder is oriented at +45 or 45. For reasons relating to 
convenience of manufacture, a majority of the plastic-laminated 
CP-HN polarizers are right handed and a majority of the glass- 
laminated polarizers are left handed. (One could, of course, make an 
"ambidextrous circular polarizer" by sandwiching a linear polarizer 
at 45 between two suitably oriented 90 linear retarders.) 

The CP-HN-35 polarizer has a total luminous transmittance k v of 
approximately 35 percent. As implied by Fig. 7.8, the spectral k t 
curve is nearly horizontal, showing that the polarizer is nearly neutral 
in color. The round-trip nominal total transmittance k ntr t, defined in 
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FIG. 7.8. Total transmittance k t and round-trip nominal total transmittance 
k n trt of a CP-HN-35 polarizer. 

Sec. 3.6, is shown in the same figure; it has a value very close to zero 
near the middle of the visual range, where the retardance differs but 
little from 90. (Chapter 8 presents the matrices of an ideal two-layer 
circular polarizer.) 

7.11. Use of Retarders in the Analysis of Elliptically Polarized Light. 
The systematic analysis of polarization type, form, and degree has 
been considered in several textbooks, including those by Ditchburn 
(D-10, p. 374) and Jenkins and White (J-9, p. 540). Consequently it 
does not need to be considered here. This is particularly true since an 
investigator seldom encounters situations in which both the type and 
the degree of polarization are unknown. 
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The commonest situation is that in which the beam is known to be 
linearly polarized, and the vibration azimuth remains to be deter 
mined. The determination is very simple: one inserts in the beam, as 
analyzer, a linear polarizer whose transmission axis is known, and finds 
the azimuth A which produces the best extinction. The vibration 
azimuth of the original beam is then simply (A dz 90). Precise meas 
urements may be made with the aid of split-field analyzers (see Fig. 
7.9) or by recourse to polarimeters, such as those discussed in Sec. 




(a) 








(d) 



le) 



(f) 



FIG. 7.9. Split-field analyzers: (a) 90 analyzer; (b) 45 45 analyzer 
(Bravais dichroscope) ; (c) 3 - 3 analyzer; (d) 87 87 analyzer; (e) concen 
tric-circle analyzer; (f) right-left analyzer (circular dicnroscope). The hatch marks 
indicate the transmission axis of the region in question. 

10.5. In some instruments one half of the split field is provided by an 
obliquely mounted polarizing prism (Lippich prism) that covers half 
of the visual field; the prism is tilted slightly so as to produce a small 
change in azimuth of polarization here. The optimum tilt has been 
determined by Rudolph (R-16), Koester (K-13), and Inoue and 
Koester (1-7). 
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Another common problem is the determination of the degree of 
polarization V of a beam that is known to be partially linearly polar 
ized. Here one employs as analyzer a linear polarizer whose & 2 values 
at all pertinent wavelengths are essentially zero. One inserts this 
analyzer in the beam and turns it to the azimuths giving the most 
intense and least intense transmitted beam. One measures these two 
intensities, Id and I t - (Sec. 1.5), and then computes V directly by 
means of the familiar equation 

Id -I, 



V = 



Id + 



A photoelectric method of measuring degree of polarization (and of 
measuring the extent to which gases and liquids depolarize light) has 
been described by Weill (W-14); his apparatus includes Wollaston 
and Glazebrook polarizers. 

The determination of the handedness of light that is known to be 
circularly polarized is simple if one possesses a right-circular polarizer : 
one inserts this polarizer in the beam, as an analyzer; if it extinguishes 
the beam, the beam is left-circularly polarized; if it leaves the beam 
almost unchanged in intensity, the beam is right-circularly polarized. 
Another approach is to use a 90 linear retarder whose fast axis is 
known; one inserts the retarder in the beam, with the fast axis hori 
zontal; if the azimuth of the resulting (linearly polarized) beam is 
plus 45, the original beam's handedness is right. Some persons are 
able to distinguish right- and left-circularly polarized light directly by 
eye, as is explained in Sec. 10.2. 

A more difficult problem is the determination of the constants of an 
elliptically polarized beam (Sec. 1.2). For this purpose one may employ 
a simple ellipsometer, such as that of Brown (B-51) or Skinner (S-17), 
or various more elaborate ellipsometers such as those manufactured 
by Gaertner Scientific Corporation or Quantum, Inc. ; see also Rothen 
(R-14) and Rudolph (R-16). The heart of any ellipsometer is a cali 
brated retarder, or compensator, which usually consists of a linear 
retarder that can be adjusted so as to have the desired retardance 
(say 90) for whatever wavelength is concerned. At least eight kinds 
of retarders are available; their merits have been compared by Jerrard 
(J-ll), Jessop (J-16), Rich (R-5), Richartz and Hsu (R-7), and 
Walker (W-2). Detailed accounts of the Senarmont compensator are 
available (G-l, H-16, J-ll), and the same applies to the Babinet 
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compensator (D-10, H-13, P-30), the Tardy compensator (J-16), the 
Berek compensator (H-16), and various other compensators. The 
standardization of compensators and other retarders has been con 
sidered by Laine (L-2) and Randall (R-3). The appraisal of beams 
having very small ellipticity has been discussed by Tsurumi (T-10). 
The Savart plate and other auxiliary analytical tools have been de 
scribed by Wood (W-26), Strong (S-31), Filon (F-9), Johannsen (J-18), 
Ramachandran and Ramaseshan (R-2), Van Heel (V-3), and many 
others. 

Methods of appraising the polarization form of a microwave beam 
have been reviewed by Allen (A-3). 

7.12. Use of Retarders as Pseudodepolarizers. In certain instances the 
(slight) polarization exhibited by typical beams of light can be a serious 
nuisance. This is true of the light employed in spectrophotometers 
that are used for measuring the total transmittance or reflectance of 
specimens that exhibit polarizing tendencies. The polarizing tend 
encies of the dispersing prisms used in spectrophotometers have been 
discussed by Bolla (B-39), Charney (C-13), Ellis and Glatt (E-14), 
Hyde (H-43), and Baxter et al. (B-8). The elimination of polarization 
in a beam is surprisingly difficult; indeed, no simple and fully satis 
factory method of depolarizing light is known. True depolarization 
necessarily involves a decrease in temperature of the dominant compo 
nent and an increase in entropy flux of the beam as a whole (Sec. 2.6). 
Some success can be achieved by scattering the light from a cloud of 
randomly arranged particles of appropriate size and shape, or by 
employing an integrating sphere; however, such schemes drastically 
alter the direction and angular width of the beam, and tend to be 
very wasteful of light. 

A better approach is that which involves pseudodepolarization. Here 
one does not attempt to achieve truly unpolarized light (Sees. 1.4 
and 2.3); one attempts instead to produce such a great variety, or 
mixture, of polarization forms that the over-all effect is the same, for 
practical purposes, as if the light were indeed depolarized. One proce 
dure is to interpose a series of linear retarders that are rotating rapidly 
and with unrelated speeds; the emerging beam may then be difficult 
to distinguish from unpolarized light. A simpler procedure, applicable 
when a wide range of wavelengths is involved, is to use a thin wedge 
of quartz or other chromatic linearly retarding material, as discussed 
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by Hughes (H-35). Alternatively, one may use a fixed train of chro 
matic linear retarders that have very large values of retardance and 
different directions of fast axis. For example, one may use two chro 
matic linear retarders that have, say, 15 cycles of retardance for 
550-mju light and are positioned with fast axes at 45 to one another. 
For most types of polarized incident beam, the emerging beam will be 
found to have a great variety of polarization forms; the polarization 
form varies cyclically with wavelength, and passes through a great 
many cycles throughout the interval from 400 to 700 m^c. Billings 
(B-23) has investigated the behavior of such pairs of retarders and 
has shown that the emerging beam's resemblance to unpolarized light 
may be made very close if the design of the pseudodepolarizer is 
tailored to the particular form of polarization of the incident beam. 
Oriented sheets of mylar (Sec. 7.7) serve excellently as multicycle 
chromatic retarders. 



MUELLER CALCULUS 
AND JONES CALCULUS 



8.1. Introduction. The Mueller calculus and the Jones calculus are 
two new tools that are eminently useful in predicting the result of 
interposing several polarizers and retarders in a beam of light; in the 
Mueller calculus the effect of scatterers can also be included. The 
various matrices that constitute the building blocks of the new calculi 
are tabulated in Appendix 2, and an investigator who wishes to employ 
one of these calculi should refer to that appendix. The present chapter 
explains how the matrices are derived and how they are used. (In 
preparing this chapter the author was fortunate in receiving extensive 
assistance from Dr. R. Clark Jones, inventor of the Jones calculus.) 

8.2. Outline of the Mueller Calculus. The Mueller calculus is a matrix- 
algebraic method of specifying a beam of light and the optical devices 
encountered by the beam, and computing the outcome. 

One may ask: Why is a special kind of calculus needed? What is 
wrong with the conventional algebraic methods and the conventional 
trigonometric methods? Actually there is little wrong with them except 
that they become extremely cumbersome when the number of polar 
izers or retarders is large; the arithmetic required is voluminous, and 
the procedure is intricate and different for each different kind of 
problem. Also, one occasionally encounters a problem where they are 
not applicable. 

Why are the conventional methods cumbersome? Because of the 
complicated nature of light and matter. Even a single ray of mono 
chromatic light requires several parameters for a full specification : to 
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state the ray's amplitude or power is not enough; the degree of polar 
ization (one parameter) and the polarization form (two or three addi 
tional parameters) must be stated also. Similarly, a polarizer does not 
have just one characteristic transmittance but two. Retarders and 
scatterers, too, involve several parameters. 

The Mueller calculus takes advantage of the discovery that it is 
possible to (a) condense all the necessary parameters for describing a 
beam of light into a single package, (6) condense all the necessary 
parameters for describing a given polarizer, retarder, or scatterer into 
a single package, and (c) provide a set of rules whereby the result of 
interposing any given polarizers, retarders, or scatterers in a given 
beam can be determined merely by multiplying the appropriate packages 
together in standard manner. Thus the outcome of any pertinent experi 
ment can be determined by one fixed procedure: selecting the appro 
priate packages from a table and multiplying them together. 

The package describing the light beam is simply the four-parameter 
Stokes vector, described in Chapter 2. As explained there, the four 
parameters 7, M, C, S are related to intensity, preference for horizon 
tal polarization, preference for plus 45 polarization, and preference for 
right-circular polarization. The vector (a column vector) is written 
vertically or (less formally) horizontally: 



or 



The wavelength range (bandwidth) of the light is assumed to be broad 
enough that the light may, for example, be unpolarized, and narrow 
enough that the optical devices in question may be regarded as achro 
matic within this range. 

The package describing the polarizer, retarder, scatterer, or other 
optical device is called a Mueller matrix. It is a 4 X 4 matrix, and thus 
contains 16 elements. Happily, most of the elements are zero for 
various ideal devices. The individual matrix is indicative not only of 
the composition of the device but also of its orientation (azimuth); 
thus the matrix of a linear polarizer whose transmission axis is hori 
zontal is different from the matrix of a similar polarizer that has been 
turned so that its axis is at, say, 37. If one turns an optical device 
around, so that a different face serves as entrance face, a different 
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matrix may be required. Also, tilting the device so that the light is 
incident obliquely may require use of a different matrix. 

The matrix describes the optical device with respect to one emerg 
ing beam; two beams emerge from a Wollaston prism, but a Mueller 
matrix can serve with respect to one of these only; if both emerging 
beams are of interest, two matrices must be used and two separate 
calculations must be performed. 

The main rules used in performing the multiplications are the stand 
ard rules of matrix algebra. One must also observe the following con 
vention: the vector representing the incident beam must be written at 
the right, and the successive matrices representing the successively 
encountered devices must be arranged in order, the matrix of the last- 
to-be-encountered device being written at the left. 

8.3. Examples of Applications of the Mueller Calculus. Consider an 
experiment in which a unit-intensity beam of unpolarized light strikes 
the simplest kind of ideal, linear polarizer, whose transmission axis is 
horizontal. The Stokes vector of the incident beam is { 1, 0, 0, 0} (Sec. 
2.3). The Mueller matrix of the polarizer is 

'* I 0- 

\ \ 

0000 
.0000, 

To find the properties of the emerging beam, one multiplies the vector 
describing the incident beam by the matrix describing the polarizer. 
One writes: 
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_0_ 



This has the general form 



^34 



7 ' 

M 
C 



and, according to the usual rules of matrix multiplication, the product 
has the form 
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+ 



or simply 



It is to be noted that each row of the product contains terms that are 
connected by plus signs. Accordingly each row consists, essentially, 
of a single element. Thus the expression is a column vector, not a 
4X4 matrix. 

The general form of the product appears formidable, but in practice 
it is often very simple, because so many of the elements are zero. In 
the present example the product is 

1(1) + 4(0) + 0(0) + 0(0)" 

4(1) + 4(0) + 0(0) + 0(0) 

0(0) + 0(0) + 0(0) + 0(0) 
_0(0) + 0(0) + 0(0) + 0(0)J 

The last expression is the answer. The first element is 4, indicating 
that the emerging beam has an intensity of J. The second term is posi 
tive, indicating a preference for horizontal polarization. The last two 
terms are zero. Thus one concludes, in view of Chapter 2, that the 
resulting beam is 100-percent linearly, horizontally, polarized. 

As a second example, consider what happens when a unit-intensity 
horizontally polarized beam strikes a simple, ideal, 180 retarder whose 
fast axis is at 45. The vector describing the incident beam is 
{ 1, 1, 0, 0} , the matrix describing the retarder is 
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and the product is 
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On referring to Chapter 2, one sees that this last vector, which de 
scribes the emerging beam, represents a unit-intensity beam of verti 
cally polarized light. 

When, say, four optical devices are inserted in the beam, four 
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matrices must be used and four multiplications are called for. If the 
four matrices are called [JlfJ, [Af 2 ], M, and [JlfJ, and if [Fj repre 
sents the Stokes vector of the incident beam, the procedure for finding 
the specification [FJ of the emerging beam is indicated schematically 

thus: 

[M&M&M&M&Vt] = [FJ. 

Consider the experiment in which a unit-intensity beam of left- 
circularly polarized light is incident on a train containing the following 
four devices: (1) a linear polarizer with transmission axis horizontal, 
(2) a linear 90 retarder with fast axis at 45, (3) a linear polarizer 
with axis at 45, (4) a 90 right-circular retarder. The Stokes vector 
of the incident beam is found from Table 2.1, and the Mueller matrices 
of the four devices (assumed to be of simple, homogeneous, ideal type) 
are found from Appendix 2. The multiplication called for is 
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On factoring out the fraction J from two of the matrices, one obtain 
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One recalls from the standard rules of matrix algebra that the se 
quence in which the multiplications are performed is important; one 
must work from right to left. Thus one may begin by multiplying [FJ 
by the rightmost matrix [Mj, then multiplying the outcome by [M 2 ], 
and so on. On carrying out the four multiplications, one finds the 
over-all product to be 



This shows that the emerging beam is 100-percent linearly, horizon 
tally polarized and has an intensity of J. 

Obviously, the four devices considered in this example are so simple 
that a person familiar with polarizers and retarders could predict the 
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result without recourse to algebra. This would no longer be true, how 
ever, if the polarizers were of nonideal type, or if the polarizers or 
retarders were mounted at unusual angles, or if some of the polarizers 
or retarders were of elliptical type. The outcome would then be far 
too complicated to compute in one's head. The Mueller-calculus 
method, however, goes through exactly as in the simple case. The num 
bers within the matrix are more complicated, but the procedure is 
identical. Only straightforward arithmetic is used. No special insight 
or planning is required, other than looking up the matrices, writing 
them down in proper sequence, and multiplying them starting from 
the right. 

8.4. Mueller Matrix of a Train. It is often advantageous to combine 
a given series of matrices (representing a given train of optical devices) 
into one single matrix, called the matrix of the train. One advantage 
is that the combined matrix gives direct insight into the essential 
function of the train. A more important advantage is that, once the 
matrix of the train has been computed, the outcome for any given 
incident beam can be found merely by one multiplication. 

Consider the four-member train of the previous section. One tem 
porarily ignores the vector [Fj and multiplies together the four 
matrices of the four members of the train. In the present example the 
product is 
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This is obviously identical to the matrix of a linear polarizer that has 
a horizontal transmission axis and a transmittance half that of an 
ideal polarizer. In other words, the entire train is equivalent to one 
polarizer. This is true irrespective of the degree and type of polariza 
tion of the incident beam. Hence in all experiments involving this 
train (mounted at the given azimuth, and with the given entrance 
face) the simple expression [M t ~\ suffices. 

Compressing the information into one matrix is, of course, an im 
portant simplification in problems that involve a large number of 
devices and many different choices of incident beam. 

As another example of such compression, consider the commercially 
produced circular polarizer. This consists of a linear polarizer and a 
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[M t ] = 



90 linear retarder cemented to it at an azimuth of 45. If the trans 
mission axis of the polarizer is horizontal and the fast axis of the re 
tarder is at +45 (and if both devices are of ideal type), the matrix 
of the train is computed thus : 

i 0" 

4 o o 

000 
000. 

This last matrix thus represents the two-member train. (By referring 
to Appendix 2, one may see that this matrix differs from the matrix 
of a homogeneous circular polarizer.) If the positions of source and 
observer are interchanged, so that the light is incident first on the 
retarder and so that the fast axis appears at 45, the following 
matrix of the train is obtained: 
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As a final example of compression, consider the series combination 
of two linear, 180 retarders; assume that the first has a fast axis at 
and the second at 45. Then the matrix of the train is 

"1000" 
0-100 
00-10 
.0001. 

The product is identical to the matrix of a homogeneous, 180, circular, 
right-handed retarder. Here, then, is a situation where two linear 
retarders perform exactly as a circular retarder performs. 

8.5. Method of Determining the Individual Mueller Matrices. The mat 
rices of the Mueller calculus are not derived from the electromagnetic 
theory of light or any other theory. Rather, they rest on a phenomeno- 
logical foundation. They were initially discovered by experimentation, 
or by reliance on previous experimentation. 

Consider, for example, the result of interposing a 180 circular re 
tarder in a beam of linearly polarized light. From experiment one 
knows that the vibration direction of the light is rotated 90. This 
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means that the signs of the second and third elements of the Stokes 
vector have been changed. Thus, for example, an incident beam 
{1, 0.7, 0.7, 0} results in an emerging beam {1, -0.7, -0.7, 0}. What 
4X4 matrix will convert the former vector into the latter? Persons 
familiar with matrix algebra will see at once that the following simple 
matrix accomplishes the purpose : 



"1 

-1 










-1 




and this is indeed (see Appendix 2) the Mueller matrix of an ideal 180 
circular retarder (of either handedness). 

The same approach is used for any other type of retarder, or for any 
polarizer or other device. One makes a guess as to what the elements 
of the 4X4 matrix must be, then tries out the matrix to see whether 
it performs satisfactorily. To be deemed fully satisfactory, it must lead 
to results that are known to be correct for four independent types of 
incident beam, for example, (1) unpolarized light, (2) light that is 
horizontally linearly polarized, (3) light that is linearly polarized at 
45, and (4) light that is right-circularly polarized. 

The task of finding the matrix [P J of a polarizer at some general 
azimuth 6 is easy, once one knows the matrix [P ] of the polarizer in 
its principal orientation, that is, with its transmission axis horizontal. 
Using a conventional procedure of matrix algebra, one computes the 
product 

[Pe] = [r(-20)][Po]|T(20)], 

where [T(20)] is the well-known rotator matrix, 

"1 0" 

C 2 S 2 

-S 2 C 2 

_0 1_ 

in which C 2 and S 2 are abbreviations for cos 26 and sin 26, and 
CT( 20)] is the counterrotator matrix, the same as [T(20)] except 
that the signs of the sine elements, S 2 , are changed. 

Performing the indicated multiplication one finds, for the matrix 
[P e ] of an ideal homogeneous linear polarizer with transmission axis 
at angle 6 : 
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The same procedure applies to a linear retarder, and to an elliptical 
polarizer and an elliptical retarder: the matrix of a device at a non- 
principal azimuth is computed from that of the device at the principal 
azimuth with the aid of the rotator matrix and counterrotator matrix. 

There is an interesting converse proposition: the matrix of any de 
vice at a nonprincipal azimuth can be factored into three matrices, 
one of which (the central one) describes the device in its principal 
orientation, while the other two deal solely with rotation. 

The importance of rotator matrices is not surprising to persons who 
are familiar with the Poincare sphere and remember that any altera 
tion of polarization form is equivalent to rotating the sphere suitably. 

Appendix 2 lists the more important matrices of the Mueller calcu 
lus. Matrices of certain types of scattering objects have been presented 
by Chandrasekhar and Elbert (C-10), Lenoble (L-18), and van de 
Hulst (V-l). 

8.6. Development of the Mueller Calculus. Professor Hans Mueller 
formulated his calculus hi the early 1940's, at Massachusetts Institute 
of Technology, and improved it and extended it in the subsequent 
years. Despite its importance, and its nearly twenty years of life, it 
has received little mention in published books on optics. However, 
it has been available in part through references M-26, M-27, and M-28. 

The Mueller calculus owes a large debt to several previous men, 
including G. G. Stokes, P. Soleillet, and F. Perrin. In 1852 Stokes 
(S-29) invented the vector that bears his name, and found that this 
vector is a necessary and sufficient description of a beam: any two 
beams that invariably behave similarly have the same vector, and any 
two beams that have different vectors will, in certain situations, be 
have differently. 

In 1929 Soleillet (S-24) pointed out that the Stokes vectors trans- 
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form linearly. To find the change produced in the vector by the inter 
position of a polarizer, say, one finds each of the parameters Si of the 
emerging beam by adding four simple products, thus: 



where Si, Sz, Ss, and 5 4 are the parameters of the incident beam and 
ai, <3 2 , 3 , and &* are constants of the given polarizer in its given orienta 
tion. 

Perrin (P-12) showed that the linear relations could be put into 
matrix form. Mueller carried forward the joining of the Stokes vectors 
and the 4X4 matrix forms, worked out a large number of matrices, 
placed the calculus on a firm phenomenological basis, and demon 
strated the power of the calculus in solving various problems that had 
previously appeared virtually insoluble. 

In 1948 Parke (P-6, P-7, P-8, P-9) explored the applicability of the 
new calculus to unpolarized light, and succeeded in relating it rigor 
ously to the electromagnetic theory. Van de Hulst (H-l) applied the 
calculus to various complicated types of light scattering. Chan- 
drasekhar and Elbert (C-260) and Lenoble (L-18) also gave attention 
to this subject. Fano (F-5) and McMaster (M-2, M-3, M-5) applied 
the 4X4 matrices to the scattering of gamma radiation. Other 
pertinent articles have been published by Jones (J-25, J-33), Billings 
(B-24), Billings and Land (B-22), Walker (W-3), and Weeks (W-ll). 

8.7. Outline of the Jones Calculus. The Jones calculus, invented in 
1940 and 1941 by R. Clark Jones (J-19, H-40, J-20, J-21, J-25, J-26, 
J-27, J-33), is another treatment in which the incident light is de 
scribed by a vector, the optical device is described by a matrix, and 
the outcome is computed by multiplying the vector by the matrix. 
However, the Jones calculus has the advantage over the Mueller 
calculus of employing a smaller matrix (2X2, instead of 4X4), 
and is applicable even to problems in which information as to phase 
must be preserved. On the other hand, many of its matrix elements 
are complex. Also, it is entirely inapplicable to optical devices that 
have depolarizing tendencies. Thus in several respects the Jones calcu 
lus complements, rather than competes with, the Mueller calculus. 
(The relation has been explored at length by Parke, P-6, P-7, P-8, 
P-9.) Section 8.9 presents a detailed review of the strengths and 
weaknesses of the two kinds of calculi. 
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In using the Jones calculus, one specifies the incident beam in terms 
of its Jones vector, specifies the various polarizers and retarders en 
countered by means of the appropriate Jones matrices, then multiplies 
these expressions to obtain the Jones vector of the emerging beam. 

The Jones vector has been explained in Sec. 2.4, and the most im 
portant examples are indicated in Table 2.1. For example, horizontally 
polarized light and right- circularly polarized light have the full Jones 
vectors 

L 
and have the simplified ("standard normalized") forms 



*"! , [A^ 1 

and t(e*+jT) 

J LA^ ** J 



and 



The Jones matrices of the most important polarizers and retarders 
are listed in Appendix 2. Each matrix describes a given device in a 
given orientation, and assumes that a given face serves as entrance 
face. The matrices are derived from the usual mathematical expres 
sion for a monochromatic (polarized) wave train and from mathe 
matical analysis of the changes produced by interposing a given 
polarizer or retarder; the derivations are explained in Refs. J-19 
and J-26. 

The matrices presented in Appendix 2 are in the simplest form and 
are called standard matrices. They are ideally designed for use by an 
investigator interested in the intensity and polarization form of an 
emerging beam. However, they contain no information as to the change 
produced in the absolute phase. An investigator wishing to determine 
the absolute phase of an emerging beam must use the full matrix. For 
example, the full matrix of an ideal homogeneous linear polarizer 
oriented with its transmission axis horizontal is 



or 



where n is the pertinent refractive index, d is the thickness, and Xy 
is the wavelength in vacuum. Obviously, the term e ~ i2vnd ^ carries 
the information as to absolute phase. 
The matrix [P$] of a polarizer at some nonprincipal azimuth 6 is 
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easily obtained from the matrix [jP ] of the polarizer in its principal 
azimuth. As in the case of the Mueller calculus, the procedure involves 
a rotator matrix and a counterrotator matrix. These latter, called 
[5(0)] and [5(-0)], have the forms 

< - [4 ';] d <-< - E t) 

where Ci and Si are abbreviations for cos 6 and sin respectively. The 
relation between [P J and [Po] is 

[PJ = [5(-0)][Po][5(0)]. 

A corresponding relation applies to the nonprincipal matrix [RJ 
of a retarder and the principal matrix [R G ] of the retarder. Again, the 
[J?o] matrix describes the retarder in its principal orientation, and 
hence may be regarded as the simplest, most basic description of 
the retarder. 

To find the result of interposing several optical devices in a beam 
of 100-percent polarized light, one writes down (at the right!) the 
Jones vector of the incident beam, and then writes down the Jones 
matrices of the various devices. Again the sequence of the matrices 
is important, and must correspond to that of the matrices themselves; 
the matrix of the last-to-be-encountered device must appear at the left. 

8.8. Examples of Applications of the Jones Calculus. Consider the 
problem presented in the last part of Sec. 8.3: a unit-intensity hori 
zontally polarized beam strikes an ideal homogeneous linear 180 re 
tarder whose fast axis is at 45; what is the character of the emerging 

beam? Since the Jones vector of the incident beam is and the 

Jones matrix of the retarder is n p the answer is found by 



obtaining the product : 



c 



On referring to Table 2.1, one finds that the resulting expression is the 
Jones vector of a beam of vertically polarized light. 

To solve the problem presented in Sec. 8.4 is simple also. One looks 
up (in Table 2.1) the Jones vector of the incident beam, which is as 
sumed to be a unit-intensity beam that is left-circularly polarized. 
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One then looks up (in Appendix 2) the Jones matrices of the four ideal 
homogeneous optical devices in question, namely, (l) a linear polar 
izer with transmission axis horizontal, (2) a linear 90 retarder with 
fast axis at 45, (3) a linear polarizer with transmission axis at 45, 
and (4) a 90 right-circular retarder. Thus one finds that the multi 
plication called for is 



1 

V2 

1 



\/2 



V2?' 
2 

V2 

9 



or 



V5r i 1-1 ri nri qri 
s L-i iJLi iJL- iJLo 



When the multiplication has been performed (using the proper se 
quence, as discussed in Sec. 8.4), the answer arrived at is 



\/2 \~2i 2"! V2 

TL o J OI ~ 



V2R- 







or -< 



Reference to Sec. 2.4 shows that this answer corresponds to a hori 
zontally polarized beam whose intensity is (|) 2 or f . 

As was the case for the Mueller calculus, so here too the investigator 
may find it desirable to compute the over-all matrix of the train, then 
multiply the incident beam's vector by this. When a large number of 
alternative forms of incident beam are to be considered, this procedure 
saves much time. 

N-Matrices. The ordinary matrix of the Jones calculus is concerned 
with an optical device as a whole, and gives no information as to either 
the polarization form at an intermediate location within the device or 
the change of polarization form that is produced per unit pathlength 
within the device. However, information of this type is provided by 
what Jones (J-27) has called an ]V -matrix, a matrix that is obtained 
from the appropriate standard matrix (If -matrix) by a process involv 
ing differentiation. Obviously, the A^-matrix describes the intensive 
properties of the device, and is indeed a most succinct and informative 
specification of these properties. Each of eight major types of optical 
behavior of crystals has its own type of N-matrix. By examining the 
W -matrix of a given crystal, one can determine the average values of 
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the refractive index and the absorption coefficient, the circular bire 
fringence and circular dichroism, and the linear birefringence and lin 
ear dichroism with respect to the coordinate axes and with respect to 
the bisectors of those axes. The method has been explained by Jones 
(J-27) and by Ramachandran and Ramaseshan (R-2). 

Hsu, Richartz, and Liang (H-34), Evans (E-17), and Dawson and 
Young (D-3) have applied the Jones calculus to trains of linear re- 
tarders. 

8.9. Comparison of Mueller Calculus and Jones Calculus. The two 
kinds of calculi have much in common. Each describes the light beam 
in a standard manner. Each leads to an answer by a standard kind of 
process, namely, an elementary process of matrix algebra. The investi 
gator follows a fixed routine in which little thought is required beyond 
looking up the vectors and matrices in a table and performing the 
standard multiplication operations. 

Each kind of calculus permits the investigator to find a single matrix 
of the train and thereby obtain the most succinct statement of the 
essential function of the train. Also, each calculus employs rotator 
matrices. 

There are, however, important differences: 

1 . The Mueller calculus can handle problems involving depolariza 
tion. The Jones calculus cannot. 

2. The Mueller calculus is based on a phenomenological foundation, 
hence does not depend on the validity of the electromagnetic theory. 
The Jones calculus is derived directly from that theory. 

3. The Jones calculus permits one to preserve information as to 
absolute phase. The Mueller calculus does not; indeed it categorically 
pays no heed to phase. 

4. The Jones calculus is well suited to the handling of problems 
involving the combining of two beams that are coherent. The Mueller 
calculus is unable to do so, except perhaps with great difficulty. 

5. The Mueller calculus employs a vector (Stokes vector) whose 
first term indicates the intensity directly. The vector employed by the 
Jones calculus does not do so; to find the intensity one must obtain 
the sum of the squares of the elements. 

6. The Jones matrices employ elements associated with amplitude 
transmittance. The Mueller matrix elements are associated with 
intensity transmittance. 
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7. The Jones calculus is well suited to problems involving a large 
number of similar devices that are arranged in series in a regular 
manner, and permits an investigator to arrive at an answer expressed 
explicitly in terms of n, the number of such devices; see Chapter 9. 
The Mueller calculus is not suited to such purpose. 

8. The Jones matrix of a train of absorbing or nonabsorbing, non- 
depolarizing polarizers and retarders contains no redundant informa 
tion: the matrix contains four elements comprising eight constants, 
and none of these constants is a function of any other. The Mueller 
matrix of such a train contains much redundancy: sixteen constants 
appear, and only seven of these are independent (J-25). 

9. The Jones matrix of a birefringent dichroic device may be dif 
ferentiated to reveal information as to the device's intensive properties. 
The Mueller calculus in practice lacks this capability. 

Parke has analyzed and compared the two calculi in detail (P-6, 
P-7, P-8, P-9). 

8.10. Related Topics. Matrix methods have been considered also by 
Fano (F-5) and by McMaster (M-2, M-3, M-5), and have been ap 
plied by them to the polarization of gamma rays by means of Compton 
scattering. In 1959 Westfold (W-23) considered an alternative method 
of describing polarized light in terms of complex vectors, and applied 
the method to the Faraday effect exhibited by radio waves. In 1949 
Richartz and Hsu (R-7) described a calculus relying on quaternions 
instead of matrices. Weeks (W-ll) derived a series of 4 X 4 "coherency 
matrices" that assist the solving of certain types of problems. 



APPLICATIONS TO THE CONTROL 
OF INTENSITY, GLARE, AND COLOR 



9.1. Introduction. Here and in the following chapter the main ap 
plications of polarizers and polarized light to science and technology 
are considered. (Brief lists of applications may be found in various 
papers published ten or twenty years ago, including Refs. L-8, G-ll, 
G-12, M-13, P-22, S-12, W-22.) The applications are arranged accord 
ing to the kind of function performed by the polarizer. The simplest 
function that of producing a general, indiscriminate reduction in 
light intensity is considered in the Sees. 9.1-9.3. Later sections deal 
with the suppression of polarized glare, the forestalling of the initia 
tion of such glare, the enhancement of contrast, various polarization- 
coding schemes used in presenting stereoscopic motion pictures and 
stereoscopic television, and the control of spectral energy distribution 
and color. 

Chapter 10 deals with applications in which polarization is inher 
ently germane, and thus necessarily plays a central role. 

Many references are cited. By referring to them, a reader may gain 
quick access to detailed information on any given topic. 

9.2. Control of General Intensity. As a means of controlling the gen 
eral intensity of a beam of light, a pair of linear polarizers has many 
advantages over the principal alternative means, such as the variable 
diaphragm, the step wedge, and the graduated comb. The pair of 
polarizers makes it possible to vary the attenuation smoothly and 
throughout an enormous range, as great as 100,000 to 1. Furthermore, 
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the attenuation obeys a fixed and well-known law, namely, the law 
of Malus: 

I = I Q H Q cos 2 0, 

where IQ is the intensity before the pair of polarizers is inserted, HQ is 
the transmittance of the parallel pair (see Sec. 3.5), and 6 is the angle 
of crossing. (If the quantity J? 90 differs appreciably from zero, a 
slightly more complicated formula applies; see Sec. 9.10.) The pair of 
polarizers treats the entire cross section of the beam uniformly, so 
that no change in linear or angular aperture occurs. In some applica 
tions, notably the Kerr shutter, the attenuation of the pair of polar 
izers is governed by electrically controlled changes in the individual 
molecules of an intervening retarder. 

Perhaps the simplest application of the pair of linear polarizers is to 
variable-density sunglasses, developed by the Polaroid Corporation 
prior to World War II. As explained by Grabau (G-12), each window 
of the sunglasses contains a pair of polarizers: the outer one is fixed, 
with its transmission axis vertical; the other can be turned to any 
desired azimuth by means of a small control lever. Thus any attenua 
tion can be achieved. The two pairs (for the two eyes) are linked 
together so that the changes produced are the same for each eye. 
Specific designs of variable-density sunglasses have been proposed by 
Land (U.S. patent 2,005,426) and by Archambault (2,813,459). 

Railroad-train windows consisting of pairs of polarizers 30 in. in 
diameter were introduced in 1938 (G-12). By turning the inner polar 
izer relative to the fixed outer polarizer, the passenger can achieve 
almost any desired attenuation in the light, without reducing the 
effective width or height of the window. In 1953 a number of pair- 
of-polarizer windows were installed in the ocean liners Independence 
and Constitution. 

Various kinds of spectrophotometers employ pairs of polarizers as 
photometering element, that is, the element that reduces the intensity 
of the reference beam and increases the intensity of the sample beam 
in order that the absorption by the sample may be exactly compen 
sated. Since the attenuation depends in a known manner on the 
azimuth of the rotatable polarizer, the spectrophotometer designer 
can easily design a cam system that will convert values of polarizer 
azimuth into values of sample transmittance. The Martens photome 
ter employs a pair of polarizers, and the same is true of the General 
Electric Company spectrophotometer. 
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If a photometer designer plans to use dichroic polarizers, and if the 
family of polarizers in question has a given value of dichroic ratio 
(Rd = dt/di), the designer is still free to specify the d% value the 
polarizers shall have. It is easily shown that an intermediate value 
leads to the best over-all performance of the photometer. Formulas 
for computing the optimum value of d% have been derived by Jones 
and West (J-29). 

British patent 796,661 of 1958 by the Carl Zeiss Company describes 
a spectrophotometer in which special dual-purpose prism-type polar 
izers are used. Besides producing polarization, they perform the func 
tions of beam splitting and beam combining without introducing 
dispersion troubles such as arise when a Wollaston-prism beam splitter 
is used. 

A photometer employing a train of three polarizers has been de 
scribed by Howard, Hood, and Ballard (H-33). The train obeys a 
cosine-fourth law, and covers a density range of 8. Because the device 
uses white light, rather than monochromatic light, it avoids the Jones 
anomaly (J-32) that may arise when three polarizers are used and the 
intermediate one exhibits some birefringence. 

Hulburt (H-37) has described the application of pairs of polarizers 
to sextants; by adjusting the polarizers, the user can dim the sun's 
disk to any desired extent. Operators of cathode-ray oscilloscopes 
sometimes use pairs of polarizers in front of the screen in order to 
change the brightness without altering any of the electrical controls 
(S-14); changing those controls may affect the focus of the electron 
beam. Photographers employ polarizers in studio luminaires and en 
larging cameras, to vary the light intensity without altering the lamp 
voltage and hence without altering the spectral energy distribution of 
the emitted light. 

The Kerr-cell shutter, invented in 1875 by the Scottish physicist 
John Kerr (K-9), employs a pair of polarizers and a variable retarder. 
As indicated in Fig. 9.1, the polarizers are fixed, with transmission 
axes at and 90. The variable retarder is situated between them. 
When not subjected to an electric field, the retarder has no birefrin 
gence and hence no retardance; but when subjected to an intense 
electric field, the material becomes linearly birefringent and the retard 
ance may amount to 180 or more. The applied field is at 45; accord 
ingly, when a retardance of 180 is achieved, the vibration direction 
of the light emerging from the retarder is changed by 90 from the 
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FIG. 9.1. Diagram of Kerr shutter. The polarizers PI and P* have transmission 
axes at and 90. The electric field across the nitrobenzene-filled box is at 45. 
In practice, polarizers and box form a short, compact assembly. 

vibration direction of the light incident on the retarder. Thus the 
transmittance of the entire system is simply EQ, the transmittance of 
the parallel pair of polarizers. When the field ceases, the retardance 
reverts to zero, and the transmittance of the system drops to zero 
(more exactly, it drops to Hgo, the transmittance of the crossed pair). 
The retarder consists of a transparent body composed of a material 
having a large Kerr constant (P-10, A-7, L-17). Usually mononitro- 
benzene, a liquid, is used; it is kept in a rectangular glass box situated 
between the two polarizers (Fig. 9.1). The relation between retardance 
8 and field strength E is 

5 = 27T LKE\ 

where L is the pathlength of the light beam in the liquid and K is the 
Kerr constant of the liquid. 

The transmittance T of the shutter is related to the retardance, and 
hence to the applied potential V, thus: 

T = E Q sin 2 i5 deg = H Q sin 2 [(F/F ) 2 90]. 

Here V is that potential which produces a retardance of 180. Be 
cause T depends on the square of F, rather than the first power, the 
time constant of the transmittance is shorter than that of the applied 
field, as explained by Nicholson and Ross (N-4). When potential dif- 
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ferences as great as 45 kv are employed, the retardance may be 
altered very rapidly, even in an interval as short as 10" 7 or 10~ 8 sec 
(N-4, S-32, T-3, Z-3). 

In the foregoing equation, the assumption is made that the # 90 
value of the polarizer is zero. In practice this quantity is of the order 
of 10~ 5 or 1CT 6 , with the result that, over a period of many hours, 
enough energy may pass through the shutter to fog the photographic 
film. To avoid this danger one employs an auxiliary mechanical shut 
ter that is opened only when the Kerr shutter is about to be energized. 

Instead of employing an electric field that is transverse to the beam, 
one may employ a field that is parallel to the beam. As retarder, an 
acentric cubic crystal having large Pockel's effect is used, for example, 
cuprous chloride, discussed by West in U.S. patent 2,788,710. (Am 
monium dihydrogen phosphate may be used successfully if the beam 
has small angular aperture; see Ref. C-3.) Reference may be made also 
to high-speed shutters proposed by Baerwald (patent 2,766,659) and 
by Bond (patent 2,768,557). In proposing new designs, the designer's 
usual goal is to increase the permissible angular width of the beam or 
to decrease the time constant. 

Magneto-optical shutters have been developed also. These too em 
ploy crossed polarizers between which is a variable retarder, consisting, 
ordinarily, of a thick plate of flint glass. The retardance is controlled 
by means of a magnetic field provided by a solenoid; the field is 
parallel to the beam, and thus takes advantage of the Faraday effect. 
The theory of such shutters has been explained in detail by Edgerton 
and Wyckoff (E-5). In one of their designs a train of three polarizers 
is used, in order that the over-all transmittance of the train will be 
extremely low (less than 1CT 8 ) when the shutter is unenergized. 

In some magneto-optical shutters the magnetic field is perpendicular 
to the beam, and thus operates by virtue of the Cotton-Mouton effect; 
however, this effect is very small and shutters of this type are seldom 
used. 

An unusual design of fast-acting shutter is that of Porter. Spencer, 
and LeCraw (P-29). Using a variable retarder consisting of a 0.004-in. 
section of yttrium iron garnet, they succeeded in modulating the light 
beam efficiently at 60 kc/sec, and they concluded that a modified 
design could operate successfully at microwave frequencies. Another 
unusual design is that due to Billings (B-21) ; here the retardance is 
varied by varying the mechanical stress exerted on the retarder, 
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9.3. Light-Lock Illumination System. A light-lock illumination system 
is an illumination-control system that governs the passage of light 
among three regions A, B, and C, in such a manner that light can pass 
readily from A to B and vice versa and can pass from B to C and vice 
versa, but cannot pass from A to C or from C to A. Consider, for 
example, a motion-picture theater: the auditorium, lobby, and adja 
cent sidewalk area may be called regions A, B, and C. It is permissible 
and even desirable that there by visibility across the boundary from 
A to B and across the boundary from B to C; yet any passage of light 
from C to A may interfere with the enjoyment of the movie. Satis 
factory control may be accomplished by using transparent panels or 
doors made of linear polarizers: panels with transmission axes hori 
zontal are installed between A and .B, and panels with vertical axes 
are installed between B and C. Such systems have been discussed by 
Grabau (G-12). They derive their name from the similarity to the 
lock in a canal: here too the purpose is to join A and B and join B 
and C, while always isolating A from C. 

A similar scheme has been used to advantage in combat-information 
centers. Such centers usually include radar screens, and the radar 
operator B must see screen A and also various maps and the like il 
luminated by an overhead lamp C; yet passage of light from C to A 
will reduce the contrast of the screen images. White (W-24, also 
patent 2,793,361) and Henry (H-22) have shown that the problem 
can be solved satisfactorily by equipping the lamp and the screen 
with polarizers having orthogonal orientations. Kraft (K-17) has 
pointed out that color-coded filters are superior to polarization-coded 
filters in certain situations; however, color-coded filters are scarcely 
applicable in situations where the screen-image is multicolored or 
where the operator must work with multicolored maps and charts 
(see W-24). 

The light-lock illumination system could be applied to dwellings 
that face one another across a courtyard. If the opposing windows are 
equipped with orthogonal polarizers, occupants of each dwelling can 
see into the courtyard but not into the opposite building. 

9.4- Control of Headlight Glare. Automobile drivers would find night 
driving easier on the eyes, and also safer, if the light-lock illumination 
principle were applied to automobiles. As early as 1920, F. Short 
(patent 1,734,022) and also L. W. Chubb (patent 2,087,795, applied 
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for in 1920) pointed out the potentialities of the polarization-type 
light-lock system; when Land invented the sheet-type dichroic polar 
izer, the realization of the earlier proposals seemed much closer at 
hand. With the invention of K-sheet in about 1939, the last major 
technical obstacle was removed. 

To apply the light-lock illumination principle to automobiles, one 
would equip each car with two sets of polarizers. In one easily de 
scribed (but far from optimum) scheme, one would install polarizers 
having horizontal transmission axes in front of the headlights and 
install polarizers having vertical transmission axes in front of the 
windshield or in a small "visor" situated just in front of the driver's 
eyes. When one car is approaching another along a level road, the 
road is illuminated by the headlights of both cars. A majority of the 
objects illuminated depolarize the light to a considerable extent, and 
accordingly each driver can see these objects adequately by the light 
from either car or, of course, from both. However, neither driver 
receives light directly from the other car's headlights. Even if both 
cars employ especially powerful headlights, and even if these are 
operated always on "high beam," no direct glare from the approaching 
car's headlights is experienced. (The polarizers used in driving tests 
arranged by the Polaroid Corporation have a small but appreciable 
value of crossed transmittance #90, a value just great enough that the 
approaching car's headlights are adequately noticeable.) 

Many modifications of this basic approach have been proposed by 
Land (L-4, L-5, L-7, L-ll, L-12), Billings and Land (B-22), and others. 
The modifications have the goals of maximizing the driver's utilization 
of light from his own headlights and maximizing the contrast of a 
typically clothed pedestrian relative to a typical roadway. Another 
goal is to minimize the (tilted) windshield's tendency to (a) produce 
double imaging as a result of multiple reflections within the thick glass 
plate, and (b) alter the polarization form systematically by virtue of 
the oblique tilt of the windshield area directly in front of the driver's 
head. 

A possible complication is strain in the windshield glass. If the strain 
is very large, the windshield will act as a retarder ; consequently it will 
alter the polarization form of the light transmitted and defeat the 
light lock. Placing the visor in front of the windshield would solve this 
problem but create others. A more straightforward solution is to make 
sure that the windshield is free of any large strains. 
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One of the superior schemes calls for orienting all the polarizers at 
45, so that the axes of a given car's headlight polarizers and visor 
polarizers are parallel; if the windshield were perpendicular to the 
car's line of travel, this scheme would maximize the driver's utiliza 
tion of light from his own headlights, assuming that the objects il 
luminated were of polarization-conserving type. Another scheme, 
called the "minus 55, minus 35 " system, employs headlight polar 
izers whose axes (as judged by the driver) have an upward-to-the-left, 
downward-to-the-right direction at 55 from the vertical; the axis of 
the visor also has an upward-to-the-left, downward-to-the-right direc 
tion, although here the direction is at 35 from the vertical; this 
scheme minimizes various complications associated with windshield 
obliquity. 

Billings and Land (B-22, P-24) have shown that, in fact, there are 
an infinite number of satisfactory systems. To a first approximation, 
any linear-polarizer scheme will be successful if the axes of the visor 
polarizer and the headlight polarizer are symmetric with respect to a 
line making an angle of 45 with the vertical. 

Some consideration has been given to schemes employing circular 
polarizers (see B-22 and also Land's patent 2,099,694). Good perform 
ance would result if headlights and visors were equipped with, say, 
right- and left-circular polarizers respectively. An advantage of this 
system is that the extent of glare suppression is invariant with respect 
to tipping of the car, as on a highly crowned road. There are practical 
disadvantages, however; circular polarizers are difficult to make with 
the required extent of uniformity; also, they often have large chromatic 
effects (variation of retardance <5 d e g with wavelength) and may have 
significant obliquity effects. 

Linear polarizers have been favored in most of the studies made, 
such as those by the Polaroid Corporation (P-24, B-22) and Roper 
and Scott (R-ll). K-type polarizers are preferred for headlights, as 
they are well suited to standing the high temperatures involved there. 
Either K or H polarizers may be used for the visor. If the individual 
polarizers have total luminous transmittance values of approximately 
38 to 40 percent, the headlight power must be increased by a factor of 
about 3 if the headlight aim remains unchanged and the same amount 
of light is to reach the driver's eye; however, when the polarizing sys 
tem is in use, the headlight aim can ordinarily be left at "high beam/' 
so that even with no increase in power the illumination of ob- 
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jects at a considerable distance will exceed that which prevails when 
no polarizers are used and "low beam" is employed. 

The benefit that polarizing systems can provide is great, but exactly 
how great would be difficult to predict. If, for example, the most 
important goal is deemed to be that of detecting a pedestrian several 
hundred feet ahead of the car, the benefit can be estimated only after 
information has been obtained as to the reflectance of typical roads 
and typical clothing and the extents to which road and clothing con 
serve the polarization form. Such factors have been considered by 
Roper and Scott (R-ll), Laurence (L-15), and Billings and Land 
(B-22) ; the results indicate that the benefit would indeed be great. 

To inaugurate country-wide use of a polarizing headlight system 
would entail educating the public to its advantages, arranging the 
passage of suitable laws and regulations, and enlarging the facilities 
for producing K-sheet. To provide a smooth transition from the pres 
ent (nonpolarizing) system to the proposed polarizing system would 
require careful planning and perhaps special interim equipment. Spe 
cific plans have been proposed by Land (L-9, L-10) and Roper and 
Scott (R-ll). 

Why has no polarizing system been adopted? Perhaps apathy on 
the part of the public and the automobile manufacturers is the main 
cause. The extra expense of polarizers, visors, and so forth, is another 
reason, but probably a minor one in view of the low cost of polarizers 
relative to other common accessories on automobiles. In a 1952 
pamphlet (A-22) the Automobile Manufacturers Association listed 
certain technical objections, including (a) the possible need to furnish 
visors for the passengers, as well as for the driver, (6) residual glare 
from light reflected off the sides of intervening cars, (c) glare that 
may be experienced by pedestrians. 

Some commercial organizations have urged the use of tinted (iso- 
tropic) glasses and tinted windshields to reduce the glare. However, 
Blackwell (B-30) and Haber (H-5) have shown that such devices may 
do more harm than good. 

Polarizing systems have been considered in other countries also. 
In 1956 Jehu (J-7), in Germany, proposed that polarizers be used 
for low-beam headlights but not for high-beam headlights; the driver 
would use the former when a car is approaching, and the latter when 
no car is approaching. The work of Weigel (W-12) should be mentioned 
also. In England, the proposal has been made (according to Jehu) 
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that each headlight beam be of mixed type; the rays having high aim 
would be polarized, while those having low aim would be left unpolar- 
ized. 

Many inventors have proposed using specially designed pile-of- 
plates polarizers in headlight systems, to avoid the absorption that is 
inevitable in dichroic polarizers. However, difficulties of bulk, fragil 
ity, tendency to become cloudy, polarization defect, and manufactur 
ing cost necessarily arise. 

Nighttime Driving on Fog-Shrouded Highways. Under certain con 
ditions of fog, nighttime driving can be assisted greatly by use of 
polarizers, according to unpublished reports by D. S. Grey and L. W. 
Chubb of the Polaroid Corporation and recent tests made by Nathan 
(N-l). The benefit becomes small, however, if the fog is dense, or if 
the ambient illumination is appreciable. In 1957 Pritchard and Black- 
well (P-32) investigated the effectiveness of polarizers mounted in 
street lamps as a means of improving nighttime driving in fog. They 
found that, under a variety of fog conditions, much improvement 
was made if the polarizer-equipped street lamps were aimed almost 
straight downward and the drivers were provided with polarizing 
visors. 

9.5. Eliminating Light That Has Been Specularly Reflected from a 
Smooth, Oblique, Dielectric Surface. When unpolarized light strikes 
the surface of a pond obliquely, a portion of the light is, of course, 
specularly reflected. Such reflected light makes it difficult for a fisher 
man, say, to see fish, rocks, and so forth, situated beneath the surface. 
However, if the fisherman views the pond through a suitably oriented 
linear polarizer, a large fraction of the specularly reflected light is 
absorbed by the polarizer, and accordingly the visibility of the under 
water objects is greatly improved. The polarizer is effective because 
the specularly reflected light is linearly polarized to a considerable 
extent; when the light is incident at Brewster's angle (Sec. 6.2), the 
degree of polarization is 100 percent. Since the surface of the pond is 
horizontal, the dominant vibration direction of the reflected light is 
horizontal, and the polarizer's absorption axis should be horizontal. 
Polarizing sunglasses are designed accordingly. Each "lens" is a 
linear polarizer whose absorption axis is horizontal. As polarizer, 
HN-32 is often used; an isotropic green dye may be added, to produce 
a color suggestive of coolness and to eliminate ultraviolet and near- 
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infrared radiation. A fisherman who dons such sunglasses and looks 
obliquely downward toward the surface of the water finds that the 
"noise" the surface reflection of light from the sky is reduced 
by a factor of perhaps 5 to 20, whereas the signal the light from 
the underwater objects is reduced by a factor of 2 to 4. Conse 
quently the signal-to-noise ratio is greatly improved. 

An automobile driver, gazing obliquely downward toward a smooth 
road, finds a comparable, though perhaps smaller, improvement. 

Leaves, blades of grass, and the like tend to partially polarize light 
that is incident obliquely; the leaves that produce the most intense 
specular reflection are those that are tilted in such a way as to 
specularly reflect light from sun and sky toward the observer; thus 
the dominant vibration direction is again horizontal, and the same 
design of polarizing sunglasses is effective. When viewed through 
neutral (gray) polarizing sunglasses, foliage, grass, and flowers appear 
softer and more highly colored than when viewed without benefit of 
polarizers. 

Polarizing windows have been used in airport control towers, to 
improve the visibility of airplanes landing and taking off. Polarizers 
may be used successfully in binoculars, according to Grabau (G-12). 

Instead of wearing polarizing sunglasses, one may incorporate a 
single, large-area polarizer in the visor of a cap; the visor may be 
swung out of the way when not needed. In automobiles, a polarizing 
visor may be mounted in place of, or adjacent to, the usual visor, and 
can be brought into play or swung out of the way at will. Designs of 
polarizing visors for use in automobiles have been described by Land 
(patents 2,102,632 and 2,237,565) and Frost (patent 2,856,810). 

Photographers make much use of polarizers. In this section we 
consider only the application to the elimination of specular reflections 
from objects being photographed, for example, chinaware, drawings, 
paintings, tables, floors, cellophane-wrapped objects (see E-l, E-4, 
H-3). By equipping his camera with a suitably oriented polarizer, the 
photographer can obtain pictures that are nearly free of specular 
reflections and hence portray the objects' "body color' 3 more faith 
fully. Fallon (F-4) has discussed the use of polarizers in photographing 
surgical operations. Polarizers are used also in assembly lines and 
inspection stations, to improve the visibility of small defects. They 
may be used in photographing show-window displays to eliminate 
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troublesome reflections from the intervening plate-glass window. They 
assist the photographing of underwater objects from an airplane. 

In each case the polarizer is turned to the azimuth appropriate to 
blocking the unwanted polarization form; the transmission axis of the 
polarizer should be vertical if the specularly reflecting surface is hori 
zontal, and vice versa. In general, the photographer may adjust the 
polarizer by rule of thumb or he may remove the polarizer from the 
camera, look through it by eye, and visually judge which azimuth is 
optimum. Some manufacturers market a combination of a camera 
polarizer and an outrigger-mounted viewing polarizer; the two polar 
izers are aligned, so that if the outrigger is turned so as to bring the 
viewing polarizer to optimum azimuth the azimuth of the camera 
polarizer will be optimum also. Thus the latter need not be removed 
from the lens assembly for determination of azimuth. 

9.6. Forestalling the Specular Reflection of Light. Instead of interpos 
ing a polarizer in the beam after the specular reflection has occurred, 
one may interpose it between light source and specimen in such a way 
as to prevent any specular reflection. If the light source strikes the 
smooth dielectric specimen at Brewster's angle, and if the polarizer is 
turned so that its absorption axis is parallel to the surface in question, 
almost none of the light will be specularly reflected. It is then unneces 
sary for the observer to employ sunglasses or visor. 

The method has been applied successfully to photographic-studio 
lighting, inspection-station lighting, photography of surgical opera 
tions, and the illumination of paintings in art galleries (G-12). It has 
been applied also to a desk lamp that contains a built-in polarizer 
(Land's patent 2,302,613). More recently it has been applied to the 
lighting of offices; for this purpose Marks (M-15) has employed multi 
layer reflection-type polarizers. 

9.7. Enhancing the Contrast of Clouds. Light from clouds exhibits 
little or no polarization, but light from the clear blue sky is linearly 
polarized to a considerable degree (see Sec. 10.9). When viewing a sky 
containing clouds and also clear blue areas, one may enhance the 
contrast between clouds and blue areas by interposing a linear polarizer 
oriented at a suitable azimuth. The usual rule (E-2, E-3) is to turn 
the polarizer so that its transmission axis lies in the plane determined 
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by sun, observer, and object being photographed. In taking black- 
and-white pictures of clouds and sky, one finds the polarizing filter 
to be very effective, especially if the camera is aimed roughly perpen 
dicular to the sun's rays; however, isotropic yellow or orange filters 
also enhance the contrast. When taking colored pictures of sky and 
clouds, the use of yellow or orange filters is, of course, ruled out; thus 
the (neutral-colored) polarizing filter is the sole optical means of 
contrast enhancement. 

9.8. Suppressing Perpendicularly Reflected Light. Previous sections 
have shown how a linear polarizer may be used to eliminate light 
that has been specularly reflected (from a dielectric surface) at 
Brewster's angle. The method is inapplicable, however, if the incident 
light strikes the surface perpendicularly. Fortunately, the circular 
polarizer solves this problem (S-14). If right-circularly polarized light 
strikes a sheet of glass or shiny metal perpendicularly, the specularly 
reflected beam will be found to exhibit /^//-circular polarization (since 
the direction of propagation has been reversed, changing the right- 
helical snapshot pattern into a left-helical pattern). Accordingly, the 
same polarizer that produces the circular polarization of the incident 
beam will block the returning beam. One may regard the polarizer as 
performing a coding operation on the incident beam; the specularly 
reflecting surface reverses the coding, and accordingly the polarizer 
now serving as analyzer blocks the returning beam, as shown in 
Fig. 9.2. (In this figure, for clarity of exposition, the incident and 
reflected beams are shown as having slight obliquity and following 
slightly different paths. If they are strictly perpendicular to the surface 
in question and are coincident, the effectiveness of the circular polar 
izer is, of course, equally great indeed, greater.) 

When the incident light is truly circularly polarized and is incident 
exactly along the normal, and when the reflecting surface is a polished 
plate of glass or metal, the suppression of the round-trip rays is al 
most complete; the quantity k n tn, defined in Sec. 3.7, may be less 
than 10~ 4 . Under less ideal conditions, values of 10" 1 to 10~ 2 are 
typical, as indicated in Fig. 7.9. 

(If the glass plate is mat, rather than specularly reflecting, the 
incident light is depolarized to a considerable extent; hence only a 
fraction of the returning beam is blocked. If the transparent plate is 
made of highly birefringent material, the polarization form of the 
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FIG. 9.2. Use of a right circular polarizer in suppressing light that has been specu 
larly reflected approximately perpendicularly from a glass or metal plate. 

light that enters the plate and is reflected from the farther surface 
may be altered; hence the coding is spoiled and much of the returning 
energy may succeed in passing through the polarizer.) 

Circular polarizers have been applied with much success to the sup 
pression of specular reflection from cathode-ray-oscilloscope screens in 
general and radar screens in particular. The need for a suppression 
scheme is obvious: the trace appearing on the screen may be faint 
and the room lighting may be intense; consequently the specular 
reflection of room light from the outer surface of the screen or from 
the protecting cover plate may seriously reduce the visibility of the 
trace (F-10). White (W-24) has made an analysis of the contrast 
improvement factor achieved using circular polarizers positioned just 
in front of the radar screen. He found the factor to be large larger 
than when color coding is used instead of polarization coding. His 
patent 2,793,361 describes an illumination-control system that entails 
equipping the oscilloscope screen with a circular polarizer and equip 
ping the overhead lights with linear polarizers. The circular polarizer 
is of the usual two-layer type (Sec. 7.10); the outer layer is, of course, 
the linear layer, and this is oriented so as to be crossed with the linear 
polarizers associated with the overhead lights. Other investigators, 
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also, have explored the benefits that result from employing circular 
polarizers (C-21). 

Circular polarizers may be used on television screens. Here, too, 
specular reflection of room light is suppressed, and the contrast and 
general visibility of the picture is improved. Circular polarizers may 
be applied also to traffic lights, to prevent confusing effects associated 
with reflection of ambient light (Land's patents 2,018,963 and 
2,334,418). Reflections from the glass windows on voltmeters, am 
meters, and the like, may be suppressed in a similar manner. In every 
instance the prime face of the circular polarizer the retarder-layer 
face must be toward the offending reflecting surface. Of course, 
troublesome reflections from the polarizer itself must be guarded 
against, either by applying low-reflection coatings to the polarizer or 
by tilting it slightly downward toward, say, a black cloth. 

The same general principle may be used in microwave radar, to 
suppress energy that has been reflected from clouds and fogs. The 
(special) antenna emits circularly polarized waves; energy reflected 
by the water droplets of a cloud is reversed in handedness, and hence 
in effect is not collected by the antenna; but energy reflected from 
typical targets is depolarized to an appreciable extent, and hence is 
collected by the antenna with reasonable efficiency. 

Infrared searchlight-and-detector systems can use circular polarizers 
with success, and the same is true of visible-light searchlight systems; 
Nathan (N-l) has found that when nighttime visibility is reduced by 
a thin fog the contrast of typical objects can be increased by a large 
factor by means of circular polarizers. 

9.9. Coding and Decoding of Images for Stereoscopic Viewing. The 
old-fashioned stereoscope required no coding or decoding operations. 
The pictures were so small and near by that a small black vane, or 
septum, sufficed to prevent either eye from seeing the picture meant 
for the other eye. When, however, stereoscopic images are projected 
onto the screen of a motion-picture theater, a septum can no longer 
be used. The light itself must be coded in some manner. Anaglyph 
coding, which assigns different wavelength bands to the two images, is 
moderately successful; however, it produces retinal rivalry, and is, of 
course, inapplicable to colored stereoscopic pictures. 

Polarizers constitute a superb solution to the problem. A linear 
polarizer P R is installed at some azimuth A in front of the projector 
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that projects the image meant for the right eye, and a similar polar 
izer PL is installed at azimuth (A + 90) in front of the projector that 
projects the left-eye picture. The spectator is given a pair of three- 
dimension (3-D) viewers, whose right and left windows contain polar 
izers aligned with PR and PL respectively. If the projection screen is 
of polarization-conserving type, and if the spectator keeps his head 
reasonably level, his right eye sees only the right-eye picture and his 
left eye sees only the left-eye picture. Accordingly, the desired stereo 
scopic illusion results. 

As early as 1939, stereoscopic motion pictures were shown to large 
audiences (at the New York World's Fair) by the method just outlined. 
The transmission axes of the projector filters were horizontal and 
vertical, and the polarizers mounted in the 3-D viewers were oriented 
similarly. 

When, in 1952, 3-D motion pictures began to enjoy a wide popular 
ity, a new convention as to polarizer orientation was adopted. The 
projector for the right-eye pictures was equipped with a polarizer 
whose axis was at 45 (that is, upward to the left, downward to the 
right) as judged by a person situated at the screen and looking back 
toward the projector. The polarizer for the other projector was 
mounted at plus 45. The right and left windows of the viewers had 
corresponding orientations. The projector filters were usually of 
K-sheet, which is capable of surviving the high temperatures involved. 
The projection screens were of smooth, aluminized, high-gain type. 
The 3-D viewers usually employed HN-38 sheet. 

When all the equipment was in good condition, the stereoscopic 
illusion was successful and highly dramatic. Often, however, conditions 
were poor. The two projectors often failed to stay in synchronism 
within the necessary tolerance (about 0.02 sec); various means for 
monitoring and readjusting the synchronism were developed (Jones 
and Shurdiff, J-31). Certain types of screens failed to have a high 
enough degree of polarization conservation and hence produced 
troublesome ghost images, according to a survey reported by Shurcliff 
(S-ll). Some brands of 3-D viewers had far too low a polarizance 
and had various mechanical shortcomings also. An analysis of what 
constitutes a satisfactory 3-D viewer was made by Chubb, Grey, and 
others (C-16), who concluded that the value of k vx for the individual 
window should be no more than about 0.002. 

The same principle can, of course, be used for projecting still 
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pictures. Various dual-beam projectors are produced commercially, 
and 3-D viewers of the above-mentioned 45-45 type are supplied 
with them. 

Stereoscopic pairs of large-size x-ray transparency photographs can 
be viewed effectively with the aid of coding polarizers, a beam-com 
bining semimirror, and a pair of 3-D viewers, as shown by Land (patent 
2,084,350) and Stamm (S-26). 

Of course, coding could be accomplished by means of right- and 
left-circular polarizers, instead of linear polarizers (Land, patent 
2,099,694). Such coding would ease the tolerance on the extent to 
which the spectator may tilt his head to right or left without noticing 
ghost images. However, to produce circular polarizers that would be 
sufficiently achromatic would be difficult, and harmful obliquity effects 
might be encountered, as indicated in Sec. 9.4. 

The above-described scheme for projecting three-dimensional mo 
tion pictures involves two separate film, reels and two separate pro 
jectors, mounted side by side. Accordingly, the method may be called 
a parallel-projection method. (Later paragraphs discuss a series-pro 
jection method.) In about 1953 several parallel-projection schemes 
involving just one film reel were developed by the Synthetic Vision 
Corporation and the Pola-lite Corporation. The right-eye and left-eye 
pictures were projected from laterally distinct stations, so that the 
schemes were of parallel-projection type; however, all the pictures 
were contained on a single film, so that only one projector was required 
and no change in synchronism could occur. The individual frames 
were usually of reduced size, which reduced the clarity and brightness 
of the picture seen on a screen of given size. Special beam-splitter 
devices were used to separate the right-eye and left-eye beams suf 
ficiently that each could be polarized independently. 

Vectograph System. A conventional stereoscopic pair consists of 
two photographs situated side by side, that is, in parallel; consequently 
two projectors, situated side by side, must be used. It is possible, how 
ever, to mount the two members of the pair in series, so that a beam 
that passes through one member passes through the other also. A 
single projector then suffices, and questions of synchronization, regis 
tration, brightness match, and so forth, are avoided. To prevent the 
two images from becoming irretrievably intermingled, one must em 
ploy coding. Again, polarization coding appears almost ideal. 

A practical method of accomplishing the coding was worked out in 
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the late 1930's by Land, Mahler, West, Rogers, Binda, and others 
(A-13, D-21, K-19, L-6, P-23, P-25; patents 2,204,604, 2,263,316, 
2,281,101, 2,289,714, 2,289,715, 2,299,906, 2,315,373, 2,329,543). Each 
member of the stereoscopic pair employs as light absorber, in lieu of 
the silver in the ordinary photograph, aligned dichroic molecules, the 
pattern of which constitutes the image. In the right-eye member, all 
the dichroic molecules have the same direction A ; in the left-eye mem 
ber the dichroic molecules have the orthogonal direction A + 90. 
Thus the two members operate in different communication channels; 
specifically, the polarization form that one member is capable of 
absorbing is transmitted freely by the other member, and vice versa. 
The two members have significantly different distributions of absorber, 
according to the shape and other characteristics of the object to be 
portrayed. As before, the beam strikes the projection screen and the 
reflected light returns toward the spectator. Before it reaches his eyes 
it is decoded by the 3-D viewers, and accordingly each eye receives 
light from just one channel. The name hectograph has been used to 
designate a series-mounted stereoscopic pair employing polarization 
coding. The polarization forms ordinarily assigned to the two channels 
are the linear forms having the azimuths +45 and 45 from the 
horizontal. 

Nonuniform orientation of the dichroic dye, or use of dye molecules 
having a low dichroic ratio, would cause some interplay or crosstalk 
between the two channels. Each eye would see a faint subtractive 
ghost image in addition to the main image (subtractive ghosts and 
methods of ameliorating them are discussed in Mahler's patent 
2 ; 674,156 and Ryan's patent 2,811,893). Fortunately, dyes having 
high dichroic ratio are available (Sec. 4.11), and excellent orientation 
is achieved by methods described in Chapter 4. 

If neutral dyes are used, black-and-white vectographs result. By 
using a suitable set of colored dyes, one can produce vectographs in 
full color. 

It is also possible to make reflection-type vectographs. Such a 
vectograph contains, in addition to the (transparent) image-contain 
ing polarization-coded layers, a third layer consisting of a mat-surfaced 
aluminum reflector. Light that falls on such a vectograph passes 
through the polarization-coded layers, strikes the reflecting layer, 
and passes back through the polarization-coded layers. Since the 
reflecting layer is a polarization conserver and thus does not degrade 
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the coding, an observer viewing the assembly through 3-D viewers 
obtains the usual three-dimension illusion. Even colored reflection- 
type vectographs have been made. The ease of using a reflection-type 
vectograph is noteworthy: no projector is required, no projection 
screen, no special holder, no lenses. 

Vectographs can be prepared from line drawings as well as from 
photographs. The line drawing may portray, for example, the three- 
dimensional structure of a complicated engineering design, and thus 
may help engineers grasp the design quickly and easily. 

The two photographs (or drawings) can, of course, portray entirely 
different scenes; depending on the choice of azimuth of the analyzer, 
either scene may be selected by the observer. Such two-choice por 
trayals are suited to showing how an instrument appears before and 
after the housing is removed, or how a patient appears before and 
after treatment. 

Overcoming Defects in Binocular Vision. Various training devices 
for helping persons with imperfect binocular vision have been used. 
In devices invented by Sawyer (patent 2,837,087) and by Thorburn 
(patent 2,837,086), two fields are provided, one for each eye; each field 
is incomplete, but when both eyes are performing properly, and with 
correct coordination, the two incomplete fields appear to combine 
and form one complete field. Linear polarizers are used in coding the 
two fields, and the patient's 3-D viewers accomplish the decoding. 

Three-dimension Television. Linear polarizers are employed in sev 
eral kinds of 3-D television presentation systems. In one version 
(A-14, A-15) the right-eye and left-eye pictures appear on two separate 
picture tubes; each picture is then coded by means of a linear polar 
izer placed in front of the picture tube. The coded beams emerging 
from the polarizers strike a semimirror which serves as a beam com 
biner; thus one combined beam results. The observer wears 3-D 
viewers, and accordingly each eye sees only the picture intended for 
it. In another version, developed by the General Electric Company in 
1957, the two pictures are produced sequentially on a single picture 
tube, and the two coding filters are introduced sequentially and in 
synchronism, by means of a rotating drum that surrounds the picture 
tube. 

Three-dimension Radar. Radar presentation, also, could employ 
polarization coding and could provide 3-D images. Some means for 
accomplishing this have been proposed by Marks (patent 2,777,011). 
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Three-dimension Microscopy Using a Mono-objective Instrument. 
Even a mono-objective microscope can be made to give 3-D images, 
provided the microscope has two oculars and provided a split-field 
polarizer is mounted just below the condenser so as to code the two 
halves of the beam differently. Each ocular is provided with a polar 
izer aligned with one half of the split-field polarizer. The method has 
been described by Lester and Richards (L-20); see also Kossel's 
patent 2,809,555. 

9 .10. Control of Spectral Energy Distribution. Since some of the main 
parameters of polarizers and retarders vary with wavelength, it is not 
surprising that various trains of such devices can be used to control 
the spectral energy distribution (or color) of a beam of light. If the 
train serves to vary the saturation of the color, without altering the 
hue, the train is called a variable-saturation filter. If it varies the hue, 
it is called a variable-hue filter. Four kinds of trains are of importance: 

Class 1 train : a chromatic linear polarizer and an achromatic linear 
polarizer. 

Class 2 train : two chromatic linear polarizers and an achromatic lin 
ear polarizer. 

Class 3 train: two achromatic linear polarizers and one chromatic 
linear retarder situated between them. 

Class 4 train: two or more achromatic linear polarizers and a large 
number of chromatic retarders. 

In a Class 1 train, consisting of a chromatic linear polarizer P c and 
an achromatic linear polarizer P a , the chromatic behavior of the train 
depends, obviously, just on P c . This consists, ordinarily, of a dichroic 
polarizer containing an oriented dichroic dye that absorbs in just one 
portion of the visual range, for example, in the region below 600 m/z, 
as indicated in Fig. 9.3. The k\ and 2 curves of P c are high (approxi 
mately 1.0) in the wavelength region above 600 mjit; below 600 mju, 
h remains high and k is approximately zero. Thus the absorption 
band is brought fully into play, or remains entirely out of play, ac 
cording to whether 6, the angle of crossing of P c and P aj is 90 or 0. 
Intermediate angles lead to intermediate amounts of absorption. The 
generalized law of Malus, 

He = (H Q - #90) cos 2 6 + T 90j 

holds for each wavelength, and it is easily shown that, even for the 
entire visual range as a whole, a cosine-squared law applies. 
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FIG. 9.3. Spectral curves of fa and fe for a typical chromatic linear polarizer 
containing an oriented dichroic red dye. 

The Class 1 train is usually employed as variable-saturation filter. 
The dichroic dyes used have broad absorption bands in most instances, 
and consequently the train performs well where broad bands are 
desired. One successful application is to the control of the color of the 
light emitted from the screen of an airborne radar set. Usually the 
radar operator is glad to have the screen emit light of all wavelengths; 
but if (at night) he is trying to maintain his dark adaptation, he must 
eliminate wavelengths shorter than 600 m/z. He can do this conven 
iently with the aid of a train consisting of an achromatic polarizer 
(for example, HN-32) and a chromatic polarizer employing a dichroic 
red dye (see Sees. 4.9 and 4.11) ; by mounting the train in front of the 
screen, and rotating one polarizer relative to the other, he can at 
tenuate the wavelengths shorter than 600 mju to any extent desired, 
without altering the passage of longer wavelengths. The same goal 
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could be accomplished by placing an ordinary red filter over the 
screen, but that filter would have to be removed entirely in order to 
restore the white light; storing and remounting the red filter would 
be inconvenient. 

Another application is in distinguishing between the (blue) prompt 
trace and (yellow) persistent trace appearing on certain cathode-ray- 
oscilloscope screens, for example, screens employing the RTMA P-7 
phosphor. By turning the rotatable member of a suitably designed 
Class 1 train, the operator can block the blue light or allow it to pass, 
and thus can concentrate on whichever type of trace he deems most 
significant. Another application is to safelights used in photographic 
darkrooms; a Class 1 train can be designed to block or pass actinic 
light, depending on the setting of the rotatable member of the train; 
nonactinic light is transmitted freely at all times. Ryan, in patent 
2,263,684, has described a train well suited to darkroom use. 

The Class 2 train consists of two orthogonally oriented chromatic 
polarizers P c i and P C 2 and an achromatic polarizer P a . Usually P c i 
and P c2 have absorption bands lying in adjacent portions M and N of 
the visual range; also, they are usually bonded together with their 
transmission axes at 90 to one another. Thus the azimuth of the third 
element, P a? determines which of the portions M and N is transmitted. 
Such a train constitutes, obviously, a variable-hue filter. Again, the 
bands are broad, and the applicability of the filter is limited ac 
cordingly. A version of this filter marketed by the General Electric 
Company has been used successfully in altering the blueness-redness 
ratio of the light entering the lens of a color camera (D-12, G-4). In 
this device P ci has an absorption band in the short-wavelength half of 
the visual spectrum and P c i has an absorption band in the long-wave 
length half. When P a is at 45, both bands are attenuated moderately; 
when P a is at 0, one band is absorbed strongly and the other is 
absorbed very little; when P a is at 90, the situation is reversed. 
Intermediate settings lead, of course, to intermediate color balances. 
Obviously, such a continuously adjustable filter can take the place of 
an entire graduated series of filters of conventional type. 

The Class 3 train, employing a chromatic linear retarder between 
two achromatic linear polarizers, is of relatively little importance. The 
retarder's retardance varies only slowly with wavelength, and hence 
the absorption bands that it leads to are broad and ill defined. Also, 
most Class 3 trains suffer from having large obliquity effects: rays 
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incident at different angles from the normal experience different re 
tardance, hence emerge differently colored. However, a wide range of 
colors can be produced, and can be used successfully in advertising 
displays. Particularly striking effects are produced if the retarder 
consists of a mosaic of regions having different p and 8, and if one of 
the polarizers is rotated slowly and continuously. Each part of the 
mosaic passes through a sequence of brilliant colors; thus a con 
stantly changing color pattern results (Land's patents 2,146,962 and 
2,158,129). An interesting Class 3 train has been described by Stadler 
(patent 2,527,593); his retarder employs two layers of special type, 
and produces an unusually wide range of colors. 

The Class 4 train, which includes a large number of retarders, is the 
most interesting class. Certain designs have an almost monochromatic 
pass band and thus may be used by astrophysicists in taking photo 
graphs of solar prominences by means of light of 6563 A, where 
hydrogen has a prominent spectrum line. Designs by Lyot, Ohman, 
and Sole have attracted much attention. 

The Lyot filter, invented in 1933 by the young French astronomer 
Bernard Lyot, employs an alternating series of polarizers and re 
tarders, and succeeds in having a pass band only 1 to 5 A in width. 
The design has been described clearly in the literature (A-7, L-28, 
L-29, 0-1, E-16, E-17), and will merely be summarized here. In a 
typical design, six neutral linear polarizers with transmission axes at 
45 are employed. Five linear chromatic retarders with fast axes hori 
zontal are interspersed between the polarizers. The first stage, consist 
ing of the first retarder and its flanking polarizers, produces for the 
desired wavelength of 6563 A a retardance of 360, so that the trans- 
mittance of this stage for this wavelength is very large; other wave 
lengths are retarded to different extents, and are transmitted to lesser 
extent. Each retarder (a principal section of quartz, for example) has 
twice the thickness of the preceding retarder, and thus has twice the 
retardance; hence each retarder provides twice the wavelength dis 
crimination that the preceding retarder provides. Consequently the 
only light that passes through the entire train is light whose wave 
length is almost exactly 6563 A. (Other pass bands may occur in 
remote parts of the spectrum, but are eliminated by conventional 
absorption or interference filters.) The over-all transmittance of the 
train for 6563 A is of the order of 10 percent. The permissible angular 
aperture is about 2. The assembly may be 10 or 15 inches long. The 
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pass band may shift appreciably from time to time unless the tempera 
ture of the train is held constant within 0.01C. The expense of such 
niters is so great that few units have been constructed. A number 
have been made by Baird-Atomic, Inc., of Cambridge, Massachusetts, 
and by Optique et Precision de Levallois of Paris, France. 

A somewhat similar design was evolved independently by Ohman 
(0-1). This design employs dichroic, rather than birefringence, polar 
izers, and hence is more compact; unsupported K-sheet has been 
found to perform very satisfactorily. A design proposed by Billings 
(B-l, B-21) contains provision for adjusting the transmitted wave 
length at will through a range of a few angstroms. Dollfus has experi 
mented with a device that has a pass band centered near 1.4 M and is 
intended for use (in conjunction with a lead sulfide detector) in study 
ing the atmospheres of various planets. Steel, Smartt, and Giovanelli 
(S-26a) have designed a device having a pass band only | A wide. 

In 1953-1955 the Czechoslovakia!! scientist Ivan Sole (S-22, S-23, 
E-17) invented a kind of narrow-pass-band filter that has a surpris 
ingly high transmit tance. The Sole filter consists of two achromatic 
linear polarizers between which is a stack of 60 identical linearly re 
tarding (chromatic) layers each with its axis shifted slightly relative 
to that of the preceding layer. Again the result is that just one narrow 
band of wavelengths is transmitted efficiently and all other wave 
lengths are absorbed strongly. Evans has shown that the performance 
to be expected of such a filter can be calculated easily with the aid 
of the Jones calculus (Chapter 8). He made a careful comparison (E-17) 
of the Lyot filter and the Sole filter, and concluded that the latter, 
though having much greater over-all transmittance, suffers from low 
spectral purity. 

Both the Lyot filter and the Sole filter are encountering increasing 
competition by interference filters, such as that recently described by 
Dobrowolski (D-13). His filter provides a pass band as narrow as 
1.0 A with a transmittance of approximately 50 percent. 

Certain Class 4 trains may serve as variable monochromators. A 
train containing several achromatic linear polarizers and intervening 
(chromatic) circular retarders of graduated retardance may have a 
pass band whose central wavelength can be varied over a wide range 
by appropriate rotation of the polarizers. A variable monochromator 
of this type (employing four circular retarders consisting of basal sec 
tions of quartz) has been described by Hurlbut and Rosenfeld (H-39) 



148 POLARIZED LIGHT 

and in Hurlbut's patent 2,742,818, and a monochromator of somewhat 
similar type has been produced commercially by the Cambridge 
Thermionic Corporation of Cambridge, Massachusetts. Lyot, in pat 
ent 2,718,170, has described a spectrophotometer that employs polar 
izers and retarders instead of prisms or gratings; the spectrophotometer 
contains no slits. 

Land (patent 2,493,200) has proposed a design of a Class 4 train 
that employs several spectrally selective dichroic polarizers and several 
electro-optically controlled retarders. By adjusting the electric field 
governing the retarders, one can alter the wavelength band, and hence 
the color, of the transmitted light. The alterations can be accomplished 
very quickly; consequently the train could be used to vary the color 
of the light emitted by a television picture tube. Successive fields could 
be caused to appear in different colors, so that a field-sequential type 
of color-television presentation could be achieved. (See also Sage's 
patent 2,834,254.) 

Channeled Spectra. The combination of a linear retarder sand 
wiched between two aligned linear polarizers produces what is known 
as channeled spectra (D-10). If the retarder is of chromatic type, has 
a large retardance, and is mounted at 45 to the axes of the polarizers, 
certain wavelengths will be unable to pass through the second polar 
izer and certain other wavelengths will pass through freely. If the 
emerging beam is dispersed by a prism, so that a broad spectrum 
results, certain portions (the channels) will appear blank and certain 
other portions will appear bright. The greater the retarder's retard 
ance, the greater the number of channels. If one measures the central 
wavelengths of the channels, one can easily determine the values of 
retardance and planobirefringence at these wavelengths. The volumi 
nous literature on channeled spectra has been surveyed by Jerrard 
(J-13); see also Ellis and Glatt (E-14). 



OTHER APPLICATIONS TO 
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SCIENCE AND TECHNOLOGY 



10.1. Introduction. This chapter deals with the application of polar 
izers to the appraisal of specimens which themselves exhibit polar- 
izance or retardance. It deals, in other words, with applications in 
which polarization is of interest from the outset. The applications are 
closely tied to chemistry, crystallography, metallurgy, physics, elec 
tronics, biology, and astrophysics. 

10.2. Vision and the Haidinger -Brush Phenomenon. In 1844 Hai- 
dinger (H-6) found that the polarization of light can sometimes be 
detected directly by eye. He discovered that if an observer gazes for 
a few seconds at a clear field of white light that is linearly polarized 
with the electric vibration horizontal, then glances at a clear field in 
which the vibration direction is vertical, a faint pattern is seen. As 
indicated in Fig. 10.1, the pattern consists of a small yellowish brush 
actually a double-ended brush with intervening areas that appear 
bluish. 

If the observer now glances back at the horizontally polarized field, 
he sees a similar pattern except that the brush axis is now vertical. 
The patterns appear to fade out within a few seconds, and the higher 
the level of illumination the more rapid the fading. Stokes (S-28) 
found that if the fields are lacking hi blue light no brush is seen. 
Conversely, Sloan (S-18) found that if the field consists solely of blue 
light the contrast of the brush is accentuated. (Some observers fail to 
see the brush even when conditions are ideal.) 

Shurcliff (S-13) found that circularly polarized fields, also, tend to 
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FIG. 10.1. Typical appearance of Haidinger's brush when the field of linearly 
polarized white light has a vertical vibration direction. 

produce brushes, and that right- and left-circularly polarized light 
produce brushes at different and distinctive azimuths, so that 
merely by eye an observer can tell the handedness of polarization. 
Right-circularly polarized light produces (for most observers) a brush 
that has an upward-to-the-right ; downward-to-the-left direction (as 
suming that the observer holds his head vertical). Left-circularly 
polarized light produces a brush having the orthogonal direction. 

The brushes presumably betoken (a) linear dichroism in the yellow 
pigment of the macula of the eye, and (6) birefringence effects in the 
eye's refracting media. See also articles by Helmholtz (H-19), de Vries 
and others (D-8), Boehm (B-38), and Cords (C-28). 

10.8. Polarization and Navigation. In about 1949 the National Bu 
reau of Standards, in carrying forward some work started by A. H. 
Pfund, perfected a polarization-sensitive sky compass intended for 
daytime use in regions near one of the earth's magnetic poles, that is, 
regions where magnetic compasses perform poorly. The device is 
designed (A-12, P-24) for use by persons who are not equipped with 
electronic direction finders and are unable to see the sun directly, as 
when there is moderately extensive cloud cover or the sun is slightly 
below the horizon. The device takes advantage of the fact that the 
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predominant vibration direction of light from the blue sky tends to be 
perpendicular to the plane containing the sun and the observer's line 
of sight. By finding the predominant vibration direction of light from, 
say, the zenith, and taking into account the time of day, the direction 
of true north can be estimated. 

In 1953 Campbell (C-2) described a modified device intended to 
assist geologists in certain situations. An accuracy of about 2 is 
claimed. 

In the 1940's Frisch (F-17) found that bees can distinguish the 
polarization of light and can control their flight path in relation to the 
dominant vibration direction. Thus they succeed in returning re 
peatedly to a known source of honey even when the sun is obscured 
and only a small region of blue sky is visible. Autrum and Stumpf 
(A-23), Kennedy and Baylor (K-7), and Thorpe (T-6) also have 
studied bees' ability to navigate in this way. 

Ants, too, appear to take account of the polarization of light from 
the sky. The same applies to the horseshoe crab Limulus, studied by 
Waterman (W-5, W-6), the crustacean Talitrus saltator (K-l, K-2), 
the fruit fly Drosopkila } and the water flea Daphnia (W-6). See 
also articles by Baylor and Smith (B-ll), Waterman (W-8), Jander 
and Waterman (J-4), Wellington (W-15), and Waterman and Westell 
(W-7). 

10.4- Production of Biological Effects. In 1956 Jaffe (J-l) showed that 
when the (spherical) fertilized egg cells of the brown alga Fucus are 
exposed to linearly polarized light, and when, as a consequence, they 
later begin to grow, the growth tends to be parallel to the direction 
of the electric vibration of the light. See also J-2 and W-15. 

Schone et al. (S-6) have shown that polarized light plays a signifi 
cant role in controlling the movements of the eyestalks of the crab 
Ocypode quadrata. 

10.5. Polarimetry. To some physicists the term polarimeter means a 
device for determining the azimuth or ellipticity of a beam of polar 
ized light. To chemists, the term usually means a device for measuring 
the change in azimuth of a beam of linearly polarized light, the change 
being produced when the light passes through a circularly birefringent 
solution (that is, an optically active solution). Having determined the 
change in azimuth, the chemist can usually compute the concentration 
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C of the circularly birefringent solute in the solution. Thus, for exam 
ple, he can determine the amount of dextrose in an aqueous solution. 
If the change in azimuth is called f (known as the rotation angle; 
Sec. 7.5) and if the concentration C is expressed in terms of grams of 
solute per milliliter of solution, 



where L is the path length (in centimeters) and [a] is the rotatory 
power. Since the rotatory power varies greatly with the frequency of 
the light (often being proportional to the square of the frequency), 
monochromatic light must be used if precise values of rotation angle 
are to be attained. 

Polarimetry is a mature technology and has been discussed in many 
books, including those by Heller (H-18), Bates (B-6), Browne and 
Zerban (B-52), and Bruhat (B-54). The simplest polarimeter consists 
essentially of a monochromatic light source and two linear polarizers; 
the polarizers are initially in crossed orientation, and thus extinguish 
the light. The specimen is placed between the polarizers, and the opera 
tor's task is to measure the amount by which one of the polarizers 
must be rotated in order that the light may again be extinguished. The 
specimen itself is usually a liquid solution confined in a container 
whose windows consist of nonbirefringent glass mounted in stress-free 
manner. The precision of determining the rotation angle is increased 
if a split-field system is employed; the operator's task is then to adjust 
the rotatable polarizer until both portions of the split field appear 
equally dark. To split the field, one may insert a small birefringence 
polarizer, called a Lippich prism, in one half of the field; the prism 
is tilted slightly to right or left, so that the vibration direction of the 
light emerging from it difiers by a few degrees from that of the re 
mainder of the field. As explained by Rudolph (R-16) and other 
authors (1-7, K-13), the optimum extent of tilt depends on the bright 
ness of the source and the quality of the polarizers. If the brightness 
is great and the polarizers have extremely small H$Q values, a tilt angle 
as small as 2 may be optimum. In other situations a tilt of 5 or even 
10 may be preferable; see 1-7. Because it is important that #90 be 
small, birefringence polarizers or HN-22 polarizers are especially ap 
propriate. (Other split-field devices are discussed in Sec. 7.11.) 
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Several recent types of polarimeters employ photocells, instead of 
the eye, as detector, and afford increased precision, such as 0.01 or 
even 0.001 (R-16, H-44). Also, they may be capable of working at 
wavelengths lying outside the visual range (Mitchell, M-22, and 
Duverney and Vignoux, D-25). In some instruments two photocells 
are used, one for each half of the split field; in other instruments a 
single photocell scans the two fields sequentially. Designs employing 
two photocells have been described by Downie (D-15) and by Keston 
(patent 2,829,555). Designs employing a single photocell have been 
produced by Rudolph (R-16), Malcolm and Elliott (M-9), Hyde et al. 
(H-44), and Erode and Jones (B-49). In some instances polarimeters 
have been teamed with variable monochromators, to yield spectro- 
polarimeters; see Billardon and Badoz (B-20), Klyne (K-ll), Hardy 
(H-12), Mitchell (M-22), and Mitchell and Veitch (M-21). A polar- 
imeter designed for studying eclipses has been described by Ney 
etal (N-3). 

Takasaki (T-2) has described a polarimeter that employs a Senar- 
mont compensator in which an ADP (ammonium dihydrogen phos 
phate) crystal excited by alternating current is incorporated. 

Instruments designed specifically for measuring the concentration 
of sugar solutions are known as saccharimeters; these have been 
discussed at length by Bates (B-6) and Browne and Zerban (B-52). 
Polarimeters especially designed for use with gases, as in measuring 
the Faraday effect of such gases, have been described by Ingersoll 
and Liebenberg (1-1, 1-2); pathlengths as great as 20 meters are 
provided. A polarimeter design applicable to radio microwaves has 
been described by Allen (A-3); see also Cohen (C-18). A detailed 
discussion of the Faraday effect has been presented by Waring and 
Custer (W-4). 

Cause of Circular Birefringence. Much has been written on the 
theory of circular birefringence. Perhaps the principal works are those 
of Born (B-42), Chandrasekhar (C-9), Condon (C-23), Erode (B-50), 
Lowry (L-27), and Federov (F-8). Tables of rotation constants of 
many materials have been published by Malleman (M-ll), Ingersoll 
and Liebenberg (1-3), and many others. Much of the work done by 
Malleman and by Ingersoll and Liebenberg has been concerned with 
gases that exhibit circular birefringence when subjected to a magnetic 
field, that is, gases exhibiting Faraday effect. 
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10.6. Microscopy. The design of polarizing microscopes has been dis 
cussed by many investigators, including Ambronn and Frey (A-5), 
Burri (B-57), Hallimond (H-10, H-ll), Hartshorne and Stuart (H-16), 
Johannsen (J-18), Rinne and Berek (R-9), Swann and Mitchison 
(S-33), Vickers (V-4), and West (W-17). Applications to metallography 
have been surveyed by Dunsmuir (D-23) and by Conn and Bradshaw 
(C-24); applications to ceramics have been discussed by Insley and 
Frechette (1-8). A typical polarizing microscope employs two polar 
izers, one situated beneath the condensing lens and the other (the 
analyzer) situated above the objective lens; at these locations the rays 
are approximately parallel to the microscope axis, and consequently 
obliquity effects such as have been discussed by Baxter (B-7) are 
minimized. Ahrens polarizers are often used (Sec. 5.4); recently the 
HN-22 dichroic polarizer has been used extensively. In appraising the 
polarization form of the light that has passed through the specimen, 
the investigator may employ an adjustable retarder, called a com 
pensator (Sec. 7.11). 

In recent years the polarizing microscope has been improved greatly 
by Inoue (1-4) and by Inoue and Hyde (1-5, 1-6). By rigorously 
excluding extraneous birefringence effects such as are often exhibited 
by condenser and objective, and by introducing polarization rectifiers, 
they made a large increase in sensitivity and contrast. The purpose 
of the rectifier is to offset, or annul, the tendency of peripheral por 
tions of the condenser or of the objective to alter the vibration direc 
tion of the linearly polarized light striking these portions. Since the 
lens is deeply curved, rays striking it at different distances from the 
center and at different azimuths are subjected to different polarization- 
by-reflection tendencies; consequently, if the light incident on the lens 
has a single vibration direction, the light that emerges from the lens 
will inevitably display a variety of vibration directions. As a result, 
no one angular position of the analyzer can extinguish all of the rays 
associated with a given portion of the specimen, and small bire 
fringence effects in the specimen will escape notice. The rectifier, also, 
employs curved surfaces, and hence produces a variety of changes in 
polarization form; but it employs in addition a 180 linear retarder at 
such an azimuth as to reverse the changes in vibration direction, so as 
to compensate exactly for the changes produced by the adjacent lens. 
When one such rectifier is used just below the condenser and another 
is used just above the objective, excellent extinction can be achieved 
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(1-5) even when the numerical aperture of the objective is as great as 
1.25. Thus it becomes possible to detect retardances as small as 10~ 3 
cycles even in, say, intracellular objects only 1 /z in diameter. Using 
this approach, Inoue has succeeded in seeing and photographing intra 
cellular birefringence patterns and nuclear organizations not detect 
able by any other means. 

Phase-Contrast Microscopes. Several investigators have attempted 
to improve the usual phase-contrast microscope by employing polar 
izers that serve to (a) provide control over the degree of contrast or 
(6) provide a different degree of contrast for different wavelengths so 
as to achieve variable-color phase contrast. See an article by Barer 
(B-2). 

Interference Microscopes. The interference microscope employs two 
coherent beams; one passes through the specimen, and the other does 
not; the two beams are then recombined. The pattern that the observer 
sees is indicative of the variations in optical pathlength within the 
specimen. In several designs of interference microscopes, polarizers 
play central roles: they are used in producing the initial, coherent 
(linearly polarized) beam, and in selecting (from the recombined beam) 
energy having one vibration direction. Also, polarizing beam splitters 
and polarizing beam combiners may be used. See articles by Smith 
(S-20), Barer (B-4), Frangon (F-14), Koester (K-13, K-14), Inoue and 
Koester (1-7), and Richards (R-6). 

10.7. Crystallography and Chemical Structure. Many crystals and 
many oriented polymeric materials exhibit retardance and dichro- 
itance with respect to ultraviolet, visible, or infrared light. By measuring 
the retardance and dichroitance (and computing the intensive param 
eters birefringence and dichroism), and by noting the axis directions, 
an investigator may be able to identify the material in question. If 
the specimen is of new type, his measurements may help him deter 
mine its chemical structure. 

If the specimen is very small, or if the absorption per unit path- 
length is very great, best results may be obtained with the aid of the 
polarizing microscope, discussed in the preceding section. If the speci 
men is of ample size and is homogeneous, precise information as to 
dichroism may be obtained by means of a spectrophotometer equipped 
with a polarizer. 

The procedures used in studying the birefringence of crystals have 
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been described in references given in the preceding section. In addi 
tion, monographs by Forsterling (F-12), Born (B-42), Bouasse (B-44), 
and Pockels (P-19) may be consulted; see also Dreyfus (D-19). The 
study of birefringence of organic and biological materials has been 
surveyed by Bennett (B-13), Gurnee (G-14), Oster and Pollister 
(O-5), Stein (S-27), Locquin (L-25), Schmidt (S-5), and Spence (S-25); 
interesting applications to the living cell have been described by Inoue 
and others (1-4, 1-5, 1-6). 

Treatises on circular birefringence have been listed in Sec. 10.5; see 
also Jones (J-20) and Pancharatnam (P-3, P-5). The circular bire 
fringence of liquid crystals (for example, cholesteryl acetate and 
cholesteryl benzoate) has been discussed by Lawrence (L-16). Circular 
birefringence caused by absorption of circularly polarized light has 
been discussed by Zocher and Jacoby (Z-9). 

The experimental methods used in measuring dichroism have been 
discussed by West and Jones (W-22), Charney (C-13), and various 
others (B-8, B-28, B-34, 0-5). Applications to dichroic dyes and micro- 
crystals have been described by Land and West (L-8), Land (L-13), 
Ambrose et al (A-6), Blout et al. (B-34), Bovis (B-47), Conroy (C-27), 
Lambe and Compton (L-3), LeRoux (L-19), and Scherer (S-3). Ap 
plications to organic films and fibers have been discussed by Ambronn 
(A-4), Ambronn and Frey (A-5), Blout and Karplus (B-32), Blout 
et al. (B-33), Blout and Bird (B-35), Elliott (E-ll, E-12), and Krimm 
et al. (K-20). Circular dichroism has been treated by Bruhat (B-53, 
B-55); see also Cotton (C-29). 

The subject of birefringence of flow (also called double refraction of 
flow, or streaming birefringence) has recently come into prominence. 
The procedures have been described by Scheraga and Signer (S-2), 
Boehm and Signer (B-37), Rich (R-5), Muralt and Edsall (M-29), 
EdsaU et al. (E-6), Peterlin and Stuart (P-14), Cerf and Scheraga 
(C-6), Perry (P-13), Janeschitz-Kriegl (J-5), Zimm (Z-4), and Lodge 
(L-23). Even when the flow exhibits some turbulence (rather than 
being steady), some success can be achieved, as explained by Way- 
land (W-9). 

Flow dichroism, also, has come into prominence. Again, shearing 
flow is used as a means of aligning the molecules; and while the flow 
is maintained the dichroism of the liquid is measured. The method 
has been discussed by Zocher and Jacoby (Z-6) and by Bird et al. 
(B-26). 
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10.8. Photoelastic Analysis. Photoelastic analysis is the technology 
that relates retardance and mechanical strain. If a flat strip of glass is 
subjected to a steady longitudinal tension, the glass becomes slightly 
elongated (strained); as a consequence it becomes birefringent and 
exhibits retardance. Provided the strain is small, the retardance is 
proportional to the strain; for many materials the proportionality 
constant (the stress-optic constant) is known. Accordingly, by measur 
ing the retardance one may compute the magnitude of the strain. The 
directions of the fast and slow axes indicate the principal axes of 
strain. 

In the classical exploitation of photoelastic analysis, the entire 
specimen consists of a transparent material that has a high stress-optic 
constant (H-25, B-10). The equipment used and the procedures in 
volved have been described in detail in several books, including those 
by Jessop (J-17) and by Coker et al. (C-20) ; other important references 
are F-9, A-2, F-18, H-25, and J-15. The heart of the equipment is the 
polariscope, which consists of an illumination system, a pair of polar 
izers, and means for holding the specimen in position between the 
polarizers. Many types of polariscopes are produced commercially. 
Some employ monochromatic sources and enjoy advantages as to 
precision, ease of photoelectric measurement, and convenience of re 
cording by means of black-and-white photography. Other types em 
ploy white light and produce colored patterns; the colored patterns 
yield more information and often permit the investigator to determine 
the number of cycles of retardance directly by eye, provided the num 
ber is low. Most polariscopes employ linear polarizers, and are well 
suited to determining the principal axes of strain; since the polarizers 
are virtually achromatic, broad bands of wavelengths may be used 
successfully. Polariscopes that employ circular polarizers are well 
suited to determinations of the difference between the principal strains; 
however, circular polarizers are usually circular for the middle of the 
visual range only, and perform imperfectly for other parts of the visual 
range. 

The classical method of photoelastic analysis suffers from one large 
drawback: the specimen must be transparent. The majority of objects 
of interest to mechanical engineers are, of course, opaque. To see 
what patterns of strain are produced in such a body, the investigator 
must first construct a model out of a transparent material; the desired 
stress system is applied to the model, and the resulting strains are 
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determined. To prepare such models is time consuming, and doubts 
may arise as to the comparability of the behavior of the model and 
behavior of the original object. 

A new approach, applicable even to opaque specimens,, has been 
developed in recent years; this approach is often called the photostress 
method, but might more appropriately be called "indirect photoelastic 
analysis by means of an adhering film." The essence of the method, 
proposed by Mesnager (M-18) and elaborated by D'Agostino (D-l, 
D-2) and by Zandman and Wood (Z-l, Z-2), is to apply a reflecting 
coating to the specimen and then superimpose on this a transparent 
coating consisting of a material having a large stress-optic constant. 
The specimen is then illuminated with a parallel beam of polarized 
light, and the specularly reflected light (which has passed twice 
through the transparent coating) is viewed through a polarizer. When 
the specimen is strained, the transparent coating becomes strained 
also, and by evaluating these strains one infers the strains existing in 
the surface layers of the specimen proper. In general, the method is 
successful; however, D'Agostino (D-l) has warned against errors that 
may arise as a result of nonlinearity between strain and birefringence 
or as a result of creep of the adhering film. 

Various special-purpose polariscopes have been constructed. An 
infrared polariscope has been developed by Appel and Pontarelli 
(A- 17); Glan-Thompson polarizers and quartz retarders are used, and 
a photographic film sensitive to wavelengths as great as 1.2 ju is used 
as detector. Besse and Desvignes (B-17) have described an infrared 
polariscope employing obliquely mounted silicon mirrors as polarizers. 
So-called three-dimensional photoelastic analysis has been accom 
plished by several investigators, including Leven (L-21), Frocht 
(F-18), and Frocht and Guernsey (F-19). A circular polariscope de 
signed by Mindlin (M-20) uses just one polarizer and a mirror; the 
mirror causes the light to pass through the specimen twice, and permits 
the single polarizer to serve in two capacities : as both polarizer and 
analyzer. 

10.9. Other Applications. Hundreds of additional types of applica 
tions of polarizers and polarized light could be mentioned. Some of 
the more important ones are listed below: 

Studying polarization phenomena in the radiation from distant 
stars and nebulae: Cohen (C-18), DuFay (D-22), Hall and Mikesell 
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(H-8, H-9), Hiltner (H-30, H-30a, H-31), Piddington (P-16), Shklov- 
sky (S-10). 

Studying the polarizing tendency of galactic dust: Chandrasekhar 
(C-7), DuFay (D-22), Hiltner (H-26, H-27, H-28, H-29, H-30). 

Studying the amount of atmosphere on planets: Anonymous (A-16), 
Dollfus (D-14), de Vaucouleurs (D-6). 

Mapping the magnetic fields on the sun's disk: Simpson (S-16). 

Determining the polarization of light from the daytime sky: Ben 
nett et al (B-12), Chandrasekhar and Elbert (C-10), Chapman (C-12), 
Coulson et al (C-31), Dietze (D-9), Foitzik (F-ll), Jensen Q-10), 
Lenoble (L-18), Pollak and Wilhehn (P-28), Richartz (R-8), Sekera 
(S-8 ; S-9). 

Determining the polarization of light at sea: Hulburt (H-36). 

Determining the polarization of light present under water: Ivanoff 
(1-9), Waterman (W-5, W-6). 

Monitoring the orientation of atoms and the precession of atoms; 
optical pumping: Culver (C-32), Dehmelt (D-4). 

Detecting polarization of x-ray and gamma-ray photons: Fagg and 
Hanna (F-l), Jamnik and Axel (J-3), Schick et al. (S-4). 

Measuring the torque exerted by circularly polarized light: Beth 
(B-18), Henriot (H-21), Holbourn (H-32). 

Demonstrating nonreciprocal birefringence of ferrites: Fox et al. 
(F-13), Townes (T-8). 

Detecting dislocations in crystals: Bond and Andrus (B-40). 

Determining the direction of ejection of electrons by high-energy 
photons: McMaster and Hereford (M-4). 

Determining the polarization dependence of photoresponsivity of 
photoconductive materials: Kelly (K-6). 

Determining the dichroism of F and M absorption centers in alkali 
halide crystals: Compton (C-22), Van Doom and Haven (V-2). 

Studying Weigert effect and photodichroism: Helwich (H-20), 
Kondo (K-15), Nikitine (N-6, N-7), Weigert (W-13), Zocher and Coper 

(Z-8). 
Determining the decay time of fluorescence: Pernn (P-ll), Ravik- 

ous et al. (R-4) . 

Determining the optical constants of metals: Ditchburn (D-ll), 
Prishivalko (P-31), Roberts (R-10). 

Aiming with the aid of the optical ring sight: Land (patents 
2,420,252 and 2,420,253), West (patent 2,420,273). 
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Measuring the straightness of a long line: Dyson (D-26). 

Measuring the thickness of a very thin dielectric film by means of 
the ellipsometer: Rothen (R-14, R-15), Rudolph (R-16). 

Measuring the diameter of a refractoanisotropic fiber: Bridges and 
Roehrig (patent 2,824,488), Roehrig (patent 2,824,487). 

Determining the size distribution of particles: Kerker (K-8). 

Secret communication system: Land (patent 2,362,832), Mueller 
(patent 2,707,749). 

Producing harmonic musical notes: Land and Grabau (patent 
2,376,493). 



DIRECT PRODUCTION 
APPENDIX 1 

OF POLARIZED LIGHT 



There are at least ten ways of producing polarized light directly, 
that is, without first producing unpolarized light and then interposing 
a polarizer. These direct methods are of interest to theoreticians, but 
of little practical importance. 

Grazing Emergence. In 1926 Worthing (W-27) found that the light 
that emerges almost at grazing angle from a flat, hot (3000C) sheet 
of tungsten is linearly polarized to the extent of 90 to 95 percent. The 
predominant direction of the electric vibration is perpendicular to the 
direction of propagation and approximately perpendicular to the sheet 
also. Much of the light presumably originates at an appreciable dis 
tance below the surface of the sheet and, in the act of emerging, suffers 
reflection losses; the losses are greatest, of course, for the component 
whose vibration direction is parallel to the surface. 

Even if the hot tungsten body has the shape of a wire, the effective 
average polarization is appreciable; it amounts typically to about 
20 percent for the light reaching a given observer from the various 
portions of the wire's surface. Goetze (G-9) showed that the 20-percent 
figure drops to about 5 percent if the wire is cooled until it appears dull 
red in color. Polarization from incandescent wires of other metals has 
been measured by Schubert (S-7). Additional work has been reported 
by Keussler and Mannog (K-10). 

Biemissivity. If a dichroic material (for example, tourmaline) is 
heated to incandescence, the emitted light is rich in the polarization 
form of the type that the material absorbs most strongly when em 
ployed as a receiver. This behavior is, of course, in accord with 
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Kirchhoff's law, which associates strong absorption of some given 
form with strong emission of that form. 

Bifluorescence. Many crystalline materials, when excited by (un- 
polarized) ultraviolet radiation, emit polarized fluorescent light. This 
is true, for example, of crystals of anthracene, chrysene, and phenan- 
threne, according to Ganguly et al. (G-3); see also Choudhuri (C-15) 
and Weber (W-10). By measuring the intensities of the polarized 
components propagated in different directions within the crystal, an 
investigator may learn much about the orientation of the molecule 
and the nature of the oscillator responsible for the emission of the 
fluorescent light (G-3). 

Stark Effect. If an arc lamp containing, say, hydrogen is operated 
in a region pervaded by a strong electric field F, the light emitted in 
directions perpendicular to the field is found to be polarized. Each 
spectral line is split by the field into several lines, and these exhibit 
polarization. Light emitted perpendicular to F consists of lines that 
are linearly polarized with the electric vibration either parallel to F 
(the p component) or perpendicular to it (the 5 component) ; this is 
called the transverse Stark effect. Light emitted parallel to F is un- 
polarized. 

Zeeman Effect. If a discharge tube containing, say, sodium vapor is 
placed in a strong magnetic field H, a typical spectral line is split into 
several lines. Light emitted perpendicular to H is linearly polarized 
with vibration direction parallel to H (p component) or perpendicular 
to H (s component) ; this is the transverse Zeeman effect. Light emitted 
parallel to H is circularly polarized; this is the longitudinal Zeeman 
effect. 

Even microwaves display the Zeeman effect, as has been shown by 
Eshbach^^. (E-15). 

Cerenkov Effect. When electrons traveling at nearly 3 X 10 10 cm/sec 
strike a plate of plastic, their speed in the plastic is (temporarily) 
greater than that at which light travels in this medium. As a conse 
quence visible light is emitted. The mechanism has been described in 
detail by Jelley (J-8); see also Linhart (L-22). The wavefront W of 
the light is conical and each ray is found to be linearly polarized, the 
direction of its electric vibration being parallel to the pertinent ele 
ment of W. 

Grating Plus Electron Beam. In this method, invented in 1953 by 
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Smith and Purcell (S-21), a stream of high-speed (300 kev) electrons 
is caused to pass very close in front of the face of a plane aluminized 
grating having, say, 15,000 grooves per inch. The stream is parallel to 
the plane of the grating, and is perpendicular to the grooves. As the 
negative charges (electrons) pass in front of the grating, positive 
charges are induced on the surface of the grating and move along so as 
to keep abreast of the electrons; in doing so, they travel up and down 
the ridges between the grooves. The up-and-down motion occurs at a 
very rapid rate, and necessarily results in the emission of electro 
magnetic radiation. The radiation is polarized with its electric vibra 
tion perpendicular to the grooves. The effect bears a resemblance to 
the Cerenkov effect, as Jelley (J-8) has pointed out. 

Undulator. In this method, invented by Motz (M-25) in 1954, 
bunches of 2-Mev electrons are directed along a path between a suc 
cession of oppositely arranged pairs of magnetic poles, Each electron 
is urged laterally when passing between a pair of poles, and the succes 
sive lateral directions are in opposite sense. Thus the electron is caused 
to follow a quasi-sinusoidal path. Consequently it radiates linearly 
polarized radiation. Even if the successive pairs of poles are not 
located extremely close together, the resulting radiation will appear 
to a "downstream" observer to have very high frequency, thanks to 
Doppler effect and the very high speed of the electrons (about 99.99 
percent of the speed of light). Thus the radiation may be of sufficiently 
high frequency to be visible to this observer. 

Other Methods. Light from canal rays and certain other types of 
gaseous discharge is often polarized. There is an enormous literature 
of this subject. See, for example, an article by Angenetter and Verleger 
(A-9). 

Light emitted in the Raman effect is often polarized. Here, too, 
there is an extensive literature. See, for example, Bhagavantam (B-19) 
and Cabannes and Daure (C-l). 

Radiation from a maser or a laser may be polarized if the device 
contains a birefringent crystal or a birefringent coating on a reflecting 
surface; see S-l. 

Radio transmitter antennas commonly radiate polarized waves 
(F-16). Usually the polarization is linear, but when a helical antenna, 
or a special arrangement of dipoles, is used circular polarization is 
achieved (C-14). Polarized microwaves, also, are easily produced, and 
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kits for demonstrating the polarization are available (C-5); see also 
Hull (H-38). Kaufman (K-4) has generated polarized wave trains 
whose wavelength is as short as 0.1 to 1.0 mm. 

High-energy gamma-ray photons emitted as a result of K-capture 
by certain nuclides are found to be circularly polarized; see Hartwig 
and Schopper (H-17). Nearly 100-percent linear polarization is found 
in the 5- to 10-Mev gamma radiation from the 2 H(J?, 7) 3 He reaction, 
according to Wilkinson (W-25). Approximately 20-percent polariza 
tion has been found in 15-Mev bremsstrahlung radiation produced by 
25-Mev electrons, according to Jamnik and Axel (J-3). Electron syn 
chrotrons emit light that has a high degree of polarization, the vibra 
tion direction being parallel to the plane of the orbit. 

Light from certain parts of the Crab nebula and some other nebulae 
is polarized to a considerable extent; see Sec. 10.9. 



APPENDIX 2 



STANDARD MUELLER MATRICES 
AND JONES MATRICES 



The method of determining the standard matrices of the Mueller 
calculus and the manner of using the matrices have been discussed in 
Chapter 8. The same applies to the standard matrices of the Jones 
calculus. 

The commonly used matrices are listed in the present appendix. 
Obviously, the exact forms of the matrices (for example, the signs of 
terms involving the sine of an angle) depend on the conventions used 
in describing the light, the polarizers, and the retarders. Accordingly, 
the forms listed below are valid only with respect to the conventions 
used in this book. See Chapters 1, 2, 3, and 7. 

Abbreviations. The symbols C\ and Si stand for cos 6 and sin 6 for 
polarizers, and for cos p and sin p for retarders. The symbols C^ and 5*2 
stand for cos (26} and sin (26} for polarizers and for cos (2p) and 
sin (2p) for retarders. Also, 

D = M sin i5, 

/"* !,., i ? 
= (_, sin "o 0) 

F = 5 sin f 6, 
G = cos |6, 

where M, C, and S are the second, third, and fourth Stokes parameters 
of the normalized fast eigenvector of a given retarder, and 5 (radians 
or degrees) is the retardance. Finally, 

Y = cos (2 arc tan i/a), P = e l7r/4 , 

Z = sin (2 arc tan b/a), Q = e~* r/4 . 
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In the expression for Z the positive or negative sign applies according 
as the sense of the sectional pattern of the major eigenvector is clock 
wise or counterclockwise. 

Standard Matrices. The standard matrices of miscellaneous devices, 
polarizers ; and retarders are listed below. 

Optical device 

Misc 

Region devoid of matter; or ideal plate 
of isotropic, nonabsorbing glass 



Ideal plate of isotropic, absorbing 
glass whose transmittance is k or 



Totally absorbing plate 



Ideal depolarizer (nothing closely re 
sembling such a device exists) 



Azimuth 8 of transmission axis 




90 



45 



Mueller matrix Jones matrix 


leous devices 


te 


"l 0" 






0100 
0010 


ri on 
LO ij 




_0 1_ 




g 


"k 0" 






& 
& 


p 1 

LO p\ 




J) k_ 






~0 0~ 






0000 
0000 


ro 01 

LO oj 




0000 




a_ 


"l 0" 






0000 


None 




0000 






_0 0. 




ous linear polarizer 


1 1 0" 




1100 
0000 


[i a 


0_ 




~ 1 -1 0" 




-1100 
0000 


[: a 


0^ 




1 1 0" 




0000 
1010 


*[i a 


0, 
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-45 T 1 0-1 


\ , o o o o r i -il 
\ ^-1010 2 L-i ij 


OJ 


General 


~1 C 2 5 2 


* 


si Sk 5? [S, S? ] 




_0 OJ 


Ideal homogeneous nonlinear polarizer 


Right circular 


1 1 


o 


0000 if" 1 -*1 

oooo 2 L * ij 




1 i- 


Left circular 


i o o -r 


o 


if" 1 *"] 

oooo 2 L-^ iJ 




_-l 001^ 


Right elliptical 


1 0.6 0.8 " 


cn^ i 


0.6 0.36 0.48 2 ["2 -il 


0-0 * 


00 00 T |J 0.5J 


If a = 0.5 


0.8 0.48 0.64^ 


Right elliptical P } vf Vf Vf 


X^X VJ 4 i | j~2.73 1 *~J 


0_ 29 50 i Vf | | | ' LI + * 0*733 J 

C7 44. U *6 o o 


6/a = 0.318 L^i i i L 


Elliptical, Tl C 2 F 5 2 F Z ~| 
general case ^ C 2 F C 2 2 F 2 C 2 5 2 F 2 C 2 FZ fkl 2 wn*"| 

"2 C T r /^ C T/^ c2T7 2 C V7 \ Wi W> tZ- I 
o 2 -t L- 2 O 2 z O 2 1 o 2 x Z> L, i i _j 


Z C 2 FZ 5 2 FZ Z 2 J where the 
Jones major 
and minor 


eigenvectors 


are 


H - ra 
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Homogeneous, non- 
scattering, nondepo- 
larizing, nonbire- 
f ringent polarizer 
with principal trans- 
mittances ki = pi 2 
and 2 = #2 2 and 
with the transmis 
sion axis horizontal 

(e = o) 



Same but with 

e = 90 



Other polarizers 






~fa + fa fa- fa 








fa fa fa + fa 








2 


iVk^fa 











2^fafa^ 



Inhomogeneous right-circular 
polarizer consisting of two ideal 
homogeneous layers: linear po 
larizer with horizontal axis and 
linear retarder with retardance 
of 90 and fast axis at 45; light 
assumed to be incident on lin 
early polarizing layer 



o 
o 



o 

i o 

o o 



1 









01 

PI] 



^p i 

v2 [J J 



Ideal homogeneous linear retarder with retardance 5 = 90 
Azimuth p of fast axis 



90 



A C 

45 



"l 








0" 





1 

















1 


J) 





-1 


0_ 


"l 








0" 





1 

















-1 


_0 





1 


0. 


- 1 








0" 











-1 








1 





_0 


1 





(t 



- 
V2L 
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General 



-45 


"100 





V v 


000 


1 


\ 


1 







_o -i o 


o_ 


~1 ~ 






C 2 2 C 2 S 2 -S 2 


re 


\*P + 


C 2 5 2 5 2 2 C 2 


LA 


/2iCi 


_0 S 2 -C 2 _ 







--\ l -'1 

VzL-i iJ 

Q V2 iCA 1 
Ci-Q + 5rP J 



! homogeneous linear relarder with relardance, 5 = ISO 
Azimuth p of fast axis 



or 90 



"l 








1 








_0 





"l 








-1 















General 



-1. 

0" 



1 
1 

0' 

2C 2 S 2 

2 2 - Co 2 

o -i 



p on 

LO -ij 

p 11 
LI oj 

rc 2 &1 

\_S 2 -C 2 J 



homogeneous linear retarders 



5=360, anyp 



= 



Any 5, P = 



Any 5, any p 



1 









1 











1 





D 2 + G 2 

-2DG 








ri o-i 

LO ij 



p^ o 1 
LO ,-*] 



2G 2 - 



Mueller matrix 


D- - E 1 + G 2 2DE 

WE -~D 2 + E 1 + G 2 

2G -2DG 







2>G 
2G 2 ~ 
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Jones matrix 

r~CiV 5/2 + Si 2 e~ is/2 CiSi2i sin Jo 1 

[_CiSi2j sin %8 C^e~ l5/2 + Si 2 e lS/2 J 



or 



where 



= cos 2 p + e~ 16 sin 2 p, 
= sin 2 p+ e" z5 cos 2 p, 



e * 5 ) cos p sin p 



Ideal homogeneous nonlinear retarders 



Right circular, 


"l 










5 = 90 








1 


[1 


(hence f = 45) 





1 





-1 




_0 





o i_ 




Left circular, 


"1 





0" 




5 = 90 








-1 


1 r i - 


(hence f = -45) 





1 





V2 [_ 1 




J) 





o i_ 




Right or left 


"1 





0" 




circular, 





1 





r 


8 = 180 








-1 


L-I 


(hence f = 90) 







o i_ 




Right circular, 


~1 





0" 




any 5 


cos 5 
sin 5 


sin 5 
cos 5 






[cos J5 sin 
sin|5 cos 




-0 





1_ 




Left circular, 


- 1 





0"" 




any 8 


cos 6 
sin 8 


sin 5 
cos 5 






[cos ^8 sin 
sin i5 cos 




-0 





1. 





Elliptical, any 6, any p 

"l 

Z) 2 E 2 F~ + G 2 

2(DE - FG) 

-2(DF - EG} 



Mueller matrix 


2(DE + FG) 





-2(DF+EG) 
2(DG - EF] 
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Jones matrix 
r"C r V 5/2 + 5r 2 e"" l5/2 CrS r (2i sin |5)e" 

where C r = cos R and 5V = sin R ) the quantities R and 7 having the sig 
nificance indicated in Chapters 1 and 2. 
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Cathode-ray oscilloscope, 126, 129, 136- 

13S, 144, 145 
Cellophane, 60, 88, 101 
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Cellulose acetate butyrate, 52, 57, 100 
Cellulose nitrate, 101, 102 
Cerenkov radiation, 162 
Channeled spectrum, 148 
Chemical structure, determination of, 155 
Cholosteryl acetate, 156 
Cholosteryl benzoate, 156 
Circular birefringence, 67, 99, 102, 153 
Circular dichroism, 103, 156 
Circular polarizer. See Polarizer, circular 
Circularly polarized light. See Polarized 

light, circular 

Color control, 33, 60, 141-148 
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Compass, 150, 151 
Compensator, Babinet, 106, 107; Berek, 

107; definition of, 106, 154; Senarmont, 

106, 153; Tardy, 107 
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Crab nebula, 158, 159, 164 
Crystal, 65-77, 155-162 
Crystallography, 155, 156 
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Dark-adaptation filter, 144, 145 

Darkroom filter, 145 

Degree of polarization, 11, 12, 35, 105 

Density, 35, 38 

Density ratio, 35, 51 

Depolarization, 33, 107, 108, 122, 166 
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Dextrose, 102, 152, 153 

Dichroic polarizer, 43-64 

Dichroic ratio, 35, 126 

Dichroism, circular, 103, 156; definition of, 

43; flow, 156; linear, 43-47, 156 
Dichroitance, 35, 47 
Dichromophore, alignment of, 47-51 
Dichroscope, 105 
Direct production of polarized light, 161- 

164 

Dislocations, detection of, 159 
Double refraction. See Birefringence 
Dyes, dichroic, 60-62, 143 

Eigenvector of polarizer, 41, 42; of retarder, 

88 

Electric vector, 3, 8 
Electromagnetic theory, 8, 9 
Electron synchrotron, 164 
Electro-optical shutter, 125-128 
Ellipsoid. See Indicatrix 
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Entropy flux, 31 
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Eye, 149-151 
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F-center, 159 

Federov prism, 75 

Ferrite, 159 
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145; Lyot, 58, 146, 147; Ohman, 147; 

projector, 139; Sole, 147; Stadler, 146; 
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148; variable saturation, 143-148 
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Fresnel, A., 13 
Fresnel equation, 79 
Fresnel rhomb, 89, 101 
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Germanium, 80 
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Glan-Thompson prism, 73, 75, 77, 158 

Glare reduction, 125, 126, 129-138 
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134; sunglasses, 125, 133, 134; variable 
density, 125; viewers for stereoscopy, 
139-142 

Glazebrook prism, 73, 74, 106 

Grating, 85, 86 

Grazing emergence, 161 

H-sheet, 34, 51-56, 131, 133, 139, 144, 152, 

154 

Haidinger, W., 13 
Haidinger's brushes, 149, 150 
Half -shade prism, 105 
Half -wave plate, 97, 102, 112, 116, 120, 154 
Halle prism, 74 
Handedness of light, 3, 4, 6, 106, 136, 149, 

150; of polarizer, 39, 40; of retarder, 91, 

92 

Headlight glare control, 58, 129-133 
Helix, 3, 136, 137 
Herapath, W. B., 13, 59 
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Hertz, H., 13 

History of polarized light, 12-14 
Hooke, R., 12 
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HR-sheet, 62, 63 
Huyghens, C., 12 

Illumination control, 124-138 
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fraction, 55, 67 

Infrared polarizer, 54, 63, 77, 78, 86, 158 
Iodine, 52, 54-56 
Intensity, control of, 124-132 

Jones, R. C., 14, 118 
Jones calculus, 118-123, 147 
Jones matrix, 42, 98, 119-123, 165-171 
Jones train-of-three-polarizers anomaly, 
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Jones vector, 23-29, 91, 118-123 
J-sheet, 34, 59, 60 

Kerr, J., 13 
Zerr cell, 126-128 
Kerr shutter, 125-128 
K-sheet, 56-58, 130-132, 139 

Lamp, polarization in, 161; desk, 135 
Land, E. H., 13, 47, 51, 56, 58, 130, 148, 

187-190 
Laser, 163 

Light-lock system, 129-133 
Light, polarized. See Polarized light 
Light vector. See Jones vector; Stokes 

vector 

Limulus, 151 
Lippich prism, 105, 152 
Liquid crystal, 156 
Lommel prism, 75 
Lyot, B. F., 13 
Lyot filter, 58, 146, 147 

Machine axis, 51 

Madan prism, 75 

Magnetic field on sun, 159 

Magneto-optical shutter, 128 

Malus, E., 12 

Malus law, 39, 125, 143 

Maser, 163 

Matrix. See Jones matrix; Mueller matrix 

Metallurgy, 154, 159 

Mica, 88, 99, 101, 102, 103 

Microscope, 143, 154, 155 

Microwave, 86, 107, 128, 138, 153, 162-164 

Mirror, dichroic, 61 

Molecular polarizer, 34, 48-50 

Monitoring precession of atoms, 159 

Monochroic angle, 46 

Monochroic axis, 45 

Monochromator, 147, 148 

Mooney rhomb, 89, 101 

Motz undulator, 163 

Mueller, H., 14, 117, 118 

Mueller calculus, 109-118 

Mueller matrix, 42, 98, 110-117, 165-171 

Musical notes, production of, 160 

Mylar, 100, 108 

Natural light, 10 

Navigation using polarized light, 150, 151 

Nicol, W., 13 

Nicol prism, 73-77 

Nitrobenzene, 127 

Nitrocellulose, 48 

Nonreciprocal birefringence, 159 



Normal speed, 66 
Norrenberg polarizer, S3 
Nylon, 100 

Obliquity effects, 39, 154 

Ocean liners, windows of, 125 

Ohman filter, 147 

Optic axial angle, 69 

Optic axis, 68, 69 

Optical activity. See Birefringence, circular 

Optical pumping, 159 

Optical rotation. See Birefringence, circular 

Ordinary ray, 69 

Orientation, 47-51, 159 

Orthogonal polarization forms, 6 

Osipov-King prism, 76 

Pair of polarizers, 38-40, 55, 124, 125 
Parallelism, linear and uniplanar, 48-50 
Partially polarized light, 11, 98 
Patents. See Bibliography 
Perrin, F., 14, 117, 118 
Pfund sky compass, 150, 151 
Phase plate. See Retarder 
Photodichroism, 159 
Photoelastic analysis, 157, 158 
Photography, 134-136, 145 - - - 
Photometer, 125, 126 

Photoresponsivity of photoconductive ma 
terial, 159 

Photostress method, 158 
Pile-of-plates polarizer, 78-84 
Plane of polarization, 6, 7 
Planet atmosphere, 147, 159 
Planoabsorption, 46-49 
Planobirefringence, 69 
Planodichroism, 46-48 
Planorefraction, 69 
Pleochroism, 46 
Pockels effect, 128 
Poincar, H., 13 

Poincare' sphere, 15-19, 25, 91, 95-98, 117 
Polar navigation, 150, 151 
Polarimeter, 151-153 
Polariscope, 156, 157 
Polarizance, 35, 78-81, 86 
Polarization, conservation of, 139; defect, 
12, 36, 131; detection by eye, 149, 150; 
degree of, 11, 12, 35, 105; form, 6, 23; 
partial, 11, 98; plane of, 6, 7; rectifier, 
154, 155; type, 6 

Polarized light, analysis of, 104-107, 151- 
153; applications, 124S; circular, 4, 6, 94, 
103, 131, 136-138, 149, 150, 159, 162; 
definition of, 2; direct production of, 161- 
164; elliptical, 4, 6, 92-98; linear, 4, 6; 
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sectional pattern of, 4; snapshot pattern 
of, 3; specifications of, 1-31; visual detec 
tion of, 149, 150 

Polarizer, achromatic, 33; Ahrens, 70, 73, 
74, 154; air-gap, 70, 72, 73; ambidextrous, 
33, 103; applications of, 124ff; Beilby 
layer, 61; Bertrand, 75, 76; birefringence- 
type, 65-77; Bouhet, 75, 76; calcite, 69- 
77, 99; chromatic, 33, 60, 141-145; circu 
lar of general type, 32, 39, 131, 136-138, 
140, 156; circular of type CP-HN, 33, 
103, 104, 114, 115, 136-138; colored, 33, 
60, 141-145; Cotton, 75; definition of, 32; 
depolarizing, 33; dichroic, 43-64; diffus 
ing, 76, 77; eigenvector of, 41, 42; ellip 
tical, 32, 39; Federov, 75; Foucault, 74; 
Fuessner, 76; germanium, 80, 84; Glan- 
Foucault, 72-75; Glan-Thompson, 73, 75, 
77, 158; Glazebrook, 73, 74, 106; grating, 
85, 86; half-shade, 105; Halle, 74; hera- 
pathite, 13, 34, 59, 60; Herotar, 61; HR- 
sheet, 62, 63; infrared, 54, 63, 77, 78, 86, 
158; H-sheet, 34, 51-56, 131, 133, 139, 
144, 152, 154; J-sheet, 34, 59, 60; K-sheet, 
56-58, 130-132, 139; L-sheet, 60; Leiss, 
75; linear, 32, 35-39; Lippich, 105, 152; 
Lommel, 75; M-sheet, 60; Madan, 75; 
microcrystalline, 34, 47-51, 59, 60; mir 
ror-type, 61; molecular, 34, 48-50; multi 
layer, 32, 33; Nicol, 73-77; neutral, 33; 
Norrenberg, 83; Osipov-King, 76; pile- 
of -plates, 78-84; polyethylene, 83; poly- 
vinyl ene, 57; Prazmowski, 75; reflection 
type, 78-86; right-left type, 33, 103; 
Rochon, 71-73; Sang, 76; scattering type, 
76, 84, 85; selenium, 83, 84; Senarmont, 
75; sheet-type, 33; silicon, 158; silver 
chloride, 81-83; slit-type, 85; sodium 
nitrate, 70, 76, 77; spathic, 33; spectrally 
selective, 33, 60, 141-145; split-field, 105, 
152; Talbot, 75; Taylor, 72, 73; tellurium, 
61; tourmaline, 47, 161; two-layer, 103; 
ultraviolet, 54, 62, 70-77, 83; variable- 
axis direction, 33, 61; variable density, 
124; variable color, 33, 62; West, 76; wire 
grid type, 85, 86; Wollaston, 71, 72, 106, 
111, 126; Yamaguti, 76, 77 

Polarizing angle, 79, 133, 135 

Polarizing microscope, 154, 155 

Polymeric iodine, 52, 54-56 

Polyvinyl alcohol, 48, 51-57, 88, 99, 101, 
103 

Polyvinylene, 57 

Prazmowski prism, 75 

Precession of atoms, 159 

Prime face of a polarizer, 35, 37 



Prism. See Polarizer 
Pseudo-depolarizer, 107, 10S 

Quarter-wave plate, 95, 97, 102, 103, 106, 

121 
Quartz, 83, 88, 99, 101, 102, 107 

Radar, 129, 138, 142, 144, 145 

Radio, 86, 107, 123, 163, 164 

Raman spectrum, 163 

Ray, extraordinary, 69; ordinary, 69 

Rectifier, Inoue", 154, 155 

Reflection, intensity of, 78-81; polarization 
by, 78-86 

Refraction. See Birefringence 

Refraction indicatrix, 55, 67 

Refractive index, 66-70 

Refractoanisotropy, 65, 66 

Retardance, definition, 89 

Retarder, achromatic, 88, 101, 102; am 
monium dihydrogen phosphate, 128, 153; 
calcite, 99; chromatic, 88, 99-101, 107, 
108, 143-148; circular, 88, 91, 97, 102, 
115, 116, 121; definition of, 87, 88; eigen 
vector of, 88; elliptical, 88, 92, 102; 
Fresnel, 89; half-wave, 97, 102, 112, 116, 
120, 154; handedness of, 91, 92; linear, 
88, 90, 91, 99-102; Lostis, 102; matrix of, 
91; mica, 99; Mooney, 89; multilayer, 
101, 102, 103, 115; mylar, 100; quarter- 
wave, 95, 97, 102, 103, 106, 121; quartz, 
99, 107, 158; rhomb-type, 89; transcend 
ent, 88, 103; variable, 126, 128. See also 
Compensator 

Ring sight, 159 

Rochon prism, 71-73 

Rotation, optical, 151-153 

Rotator matrix, 116, 117, 120 

Rotatory power, 152, 153 

Round-trip parameter, 40, 41 

Saccharimeter, 153 

Sang prism, 76 

Savart plate, 107 

Scattering-type polarizer, 76, 84, 85 

Scattering objects, matrices of, 117 

Screen of cathode-ray oscilloscope, 126, 

129, 136-138, 144, 145 
Sectional pattern, 4 
Selenium polarizer, 83, 84 
Senarmont compensator, 106, 153 
Sextant, 126 

Sheet polarizer. See Polarizer 
Shutter, electro-optical, 125-128; Kerr, 

125-128; magneto-optical, 128 
Silicon polarizer, 158 
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Silver chloride polarizer, 81-83 

Sky compass, 150, 151 

Sky polarization, 84, 135, 136, 150, 151, 159 

Slit as polarizer, 85 

Snapshot pattern, 3 

Sodium nitrate, 70, 76, 77 

Sole filter, 147 

Soleillet, P., 117, 118 

Spathic polarizer, 33 

Spectral energy distribution, control of, 
143-148 

Spectropolarimeter, 153 

Sphere, Poincare*. See Poincare sphere 

Stadler filter, 146 

Stark effect, 162 

Star light, 158, 159 

Stereoscopic microscopy, 143 

Stereoscopic photography and motion pic 
tures, 138-142 

Stereoscopic radar, 142 

Stereoscopic television, 142 

Stokes, G. G., 13, 117, 118 

Stokes parameters and vector, 18-25, 30, 
91, 110-118 

Stokes principle of optical equivalence, 24 

Straightness of a line, 160 

Stress and strain measurements, 157, 158 

Stretch axis, 51 

Stretch ratio, 51 

Sun, magnetic fields on, 159 

Sunglasses, 125, 133, 134 

Support sheet, 52 

Suppression of specular reflection, 41, 133- 
138 

Synchrotron, 164 

Talbot prism, 75 
Taylor prism, 72, 73 

Television, glare reduction, 138; stereo 
scopic, 142; three-color, 148 
Tellurium polarizer, 61 
Thickness measurement, 160 
Three-dimensional images. See Stereoscopy 
Torque exerted by light, 159 
Tourmaline, 47, 161 



Train of three polarizers, general, 126, 128; 

Jones anomaly, 126 
Trams that include polarizers and retarders, 

113-115, 120, 121, 143-148 
Train -window, 125 
Transcendent retarder, 88 
Transmission axis, 36, 37 
Transmittance of individual polarizer, 35- 

38; of pair of polarizers, 38, 55; round 

trip, 40, 41, 103, 104, 136; spectral curves 

of, 54, 58, 64, 144 
Transmittance ratio, 35 
Turpentine, 102 
Type of polarization, 6 

Ultraviolet polarizer, 54, 62, 70-77, S3 
Underwater phenomena, 135, 159 
Undulator, 163 
Unpolarized light, 10 
Unsupported K-sheet, 58 

Variable-color polarizer, 33, 62 

Vectograph, 140-142 

Vector. See Electric vector; Jones vector; 

Stokes vector 
Vibration direction, 2-8 
Viewers, 139-142 
Vision, 142, 149-151 
Visor, automobile, 130-134 

Wave plate. See Retarder 

Weigert effect, 159 

West prism, 76 

Window. See Filter; Train, Ocean liner 

Windshield, automobile, 130-133 

Wire-grid-type polarizer, 85, 86 

Wollaston prism, 71, 72, 106, 111, 126 

X-ray diapositives, 140 
X-rays, 84, 85, 140, 159, 164 

Yamaguti polarizer, 76, 77 
Young, T., 13 

Zeeman effect, 162 
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